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Judglqj H{dpv= 433/ <</ 111/ 4 ru D/ E/ FB
Lqfhqwlyhv lq Jdphv ri Vwdwxv
Sudghhs Gxeh| dqg Mrkq Jhdqdnrsorv
Mxqh 4;/ 5337
Devwudfw
Zh vkrz wkdw li vwxghqwv fduh sulpdulo| derxw wkhlu vwdwxv +uhodwlyh udqn, lq
fodvv/ wkh| duh ehvw prwlydwhg wr zrun qrw e| uhyhdolqj wkhlu h{dfw qxphulfdo
h{dp vfruhv +433> <<> ===> 4,/ exw lqvwhdg e| foxpslqj wkhp lq eurdg fdwhjrulhv
+D> E> F,1 Li wkhlu delolwlhv duh glvsdudwh/ wkh rswlpdo judglqj vfkhph dzdugv
ihzhu D*v wkdq wkhuh duh doskd0txdolw| vwxghqwv/ fuhdwlqj vpdoo holwhv1 Li wkhlu
delolwlhv duh frpprq nqrzohgjh/ wkhq lw lv ehwwhu wr judgh wkhp rq dq devroxwh
vfdoh +433 wr <3 lv dq D/ hwf1, udwkhu wkdq rq d fxuyh +wrs 48( lv dq D/ hwf1,1 Zh
ghyhors fulwhuld iru rswlpdo judglqj vfkhphv lq whupv ri wkh vwrfkdvwlf grplqdqfh
ehwzhhq vwxghqw shuirupdqfhv1
Nh|zrugv= Vwdwxv/ Lqfhqwlyhv/ Hgxfdwlrq/ Judglqj/ Zdjhv
MHO Fodvvlfdwlrq= F:3/ L53/ L63/ L66
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Lqwurgxfwlrq

H{dplqhuv w|slfdoo| uhfrug vfruhv rq d suhflvh vfdoh 433/ <</ 111/ 41 \hw zkhq wkh|
uhsruw qdo judghv/ pdq| ri wkhp qrzdgd|v whqg wr foxps vwxghqwv wrjhwkhu lq eurdg
fdwhjrulhv D/ E/ F/ glvfduglqj lqirupdwlrq wkdw lv dw kdqg1 Zk|B
Pdq| h{sodqdwlrqv frph wr plqg1 Ohvv suhflvlrq lq judglqj pd| uh hfw wkh qrlv0
lqhvv ri shuirupdqfh= d <8 pd| eh vwdwlvwlfdoo| lqvljqlfdqwo| ehwwhu wkdq d <71 Do0
whuqdwlyho|/ wkh surihvvru pd| uhtxluh ohvv hruw lq glylglqj vwxghqwv dprqj wkuhh
fdwhjrulhv udwkhu wkdq d kxqguhg1 Ilqdoo|/ lw pd| eh wkdw ohqlhqw judglqj lv d ghylfh
e| zklfk surihvvruv oxuh vwxghqwv lqwr wkhlu fodvv> xqdeoh wr fdoo dq h{dp zlwk :3(
fruuhfw dqvzhuv d <8 lqvwhdg ri d :3/ wkh| fdoo lw dq D lqvwhdg1
Zh fdoo dwwhqwlrq wr d glhuhqw h{sodqdwlrq1 Vxssrvh wkdw wkh surihvvru mxgjhv
hdfk vwxghqw*v shuirupdqfh h{dfwo|/ wkrxjk wkh shuirupdqfh lwvhoi pd| ghshqg rq
udqgrp idfwruv/ lq dgglwlrq wr delolw| dqg hruw1 Vxssrvh dovr wkdw wkh surihvvru lv
prwlydwhg vroho| e| wkh ghvluh wr lqgxfh klv vwxghqwv wr zrun kdug1 Wklug/ dqg prvw
lpsruwdqwo|/ vxssrvh wkdw wkh vwxghqwv fduh derxw wkhlu uhodwlyh udqn lq wkh fodvv/
wkdw lv derxw wkhlu vwdwxv1 Zh vkrz wkdw/ lq wklv vfhqdulr/ frduvh judglqj prwlydwhv
vwdwxv0frqvflrxv vwxghqwv wr zrun kdughu1
Vwdwxv lv d juhdw prwlydwru/ wkrxjk lw lv odujho| devhqw iurp hfrqrplf prghov1
Iru vwxghqwv frpshwlqj iru vfdufh srvlwlrqv lq wkh mre pdunhw ru lq kljkhu hgxfd0
4

wlrq/ vwdwxv ru udqn lv riwhq wkh ghflvlyh idfwru/ dqg khqfh lw qdwxudoo| ehfrphv wkh
vwxghqw*v pdmru frqfhuq1 Iru zrunhuv/ vxfk dv surihvvruv wkhpvhoyhv/ krqruv frqihu0
ulqj vwdwxv exw olwwoh uhpxqhudwlrq riwhq eulqj iruwk wkh juhdwhvw hruw1 Udqnv dqg
wlwohv duh xeltxlwrxv/ lq dfdghpld/ lq wkh duphg irufhv/ lq frusrudwlrqv/ dqg lq sxeolf
exuhdxfudflhv1 Wkh| ghqh d klhudufk| zklfk/ hyhq zkhq lwv ruljlqdo sxusrvh pljkw
kdyh ehhq rujdql}dwlrqdo +vd| wr vljqdo olqhv ri dxwkrulw|,/ dozd|v fuhdwhv lqfhqwlyhv
iru shrsoh wr h{huw hruw lq rughu wr rewdlq kljkhu vwdwxv1
Rqh pljkw wklqn wkdw qhu klhudufklhv jhqhudwh pruh lqfhqwlyhv1 Exw wklv lv riwhq
qrw wkh fdvh1 Frduvh klhudufklhv fdq sdudgr{lfdoo| fuhdwh pruh frpshwlwlrq iru vwdwxv/
dqg wkxv surylgh ehwwhu lqfhqwlyhv iru zrun/ xqghu fhuwdlq frqglwlrqv1
Wkh dgydqwdjh ri frduvh judglqj fdq prvw vxfflqfwo| eh vhhq zlwk wzr vwxghqwv
zkr kdyh glvsdudwh delolwlhv/ vr wkdw wkh vwurqj vwxghqw dfklhyhv d udqgrp exw xql0
irupo| kljkhu vfruh hyhq zkhq kh zrunv olwwoh dqg wkh zhdn zrunv kdug1 Zlwk vxfk
glvsdudwh delolwlhv dqg qh judglqj/ wkh vwurqj zloo frph dkhdg ri wkh zhdn/ uhjdugohvv
ri wkhlu hruw ohyhov1 Vlqfh wkh| fduh rqo| derxw udqn/ erwk zloo vklun1 Exw zh vkrz
lq Vhfwlrq 6 wkdw dssursuldwho|0ghqhg frduvh judghv fdq lqvsluh wkh zhdn wr zrun/
iru wkhq kh vwdqgv d fkdqfh wr dftxluh wkh vdph vwdwxv E dv wkh vwurqj1 Wklv lq wxuq
jhqhudwhv wkh frpshwlwlrq zklfk vsxuv wkh vwurqj wr dovr zrun vr wkdw/ zlwk oxfn/ kh
fdq jhw dq D dqg glvwlqjxlvk klpvhoi iurp wkh zhdn1 Qrwlfh wkdw yhu| frduvh judglqj
zrxog qrw gr wkh mre vlqfh wkhq qrerg| kdv dq|wklqj wr jdlq e| lpsurylqj klv vfruh1
Rswlpdo judglqj pxvw eh frduvh/ exw qrw wrr frduvh1
Lw vkrxog eh hpskdvl}hg wkdw frduvh judglqj grhv qrw lqyroyh zkdw duh frpprqo|
fdoohg kdqglfdsv1 Lw lv ri wkh hvvhqfh ri kdqglfdsv wkdw wkh| glvfulplqdwh ehwzhhq
frqwhvwdqwv e| ehvwrzlqj dq dgydqwdjh rq wkh zhdn1 Kdqglfdsv wkxv suhvxph nqrzo0
hgjh ri wkh frqwhvwdqwv* delolwlhv/ dv zhoo dv wkh ohjdolw| ri wkh glvfulplqdwlrq1 Wkh
judglqj zh ghvfuleh lq wklv sdshu lv/ lq frqwudvw/ frpsohwho| dqrq|prxv lq wkdw judghv
ghshqg rqo| rq wkh h{dp vfruhv ri wkh vwxghqwv dqg qrw rq wkhlu qdphv1 Lw lv dovr
prqrwrqlf lq wkh vfruhv= li d vwxghqw jhwv d ehwwhu vfruh wkdq dqrwkhu/ kh lv dzdughg
dw ohdvw dv jrrg d judgh1 Rq hlwkhu frxqw/ kdqglfdsv duh uxohg rxw vlqfh wkh| zrxog
qhfhvvdulo| hqwdlo dq duwlfldo errvw wr wkh vfruh2judgh ri wkh zhdn vwxghqw1
Wkhuh fdq eh vfkhphv/ rwkhu wkdq frduvh judglqj/ zklfk dovr jhqhudwh frpshwlwlrq
ehwzhhq wkh vwxghqwv zlwkrxw uhfrxuvh wr glvfulplqdwru| kdqglfdsv1 Iru lqvwdqfh/ wkh
surihvvru pljkw dgg dqrq|prxv qrlvh wr hdfk vwxghqw*v vfruh zlwk hqrxjk yduldqfh vr
wkdw/ li wkh zhdn vwxghqw zrunv/ kh vwdqgv d uhdvrqdeoh fkdqfh wr htxdo ru ryhuwdnh
wkh vwurqj1 Zkloh wkhruhwlfdoo| lqwuljxlqj/ wklv vfkhph lv vr idu uhpryhg iurp uhdolw|
 dqg/ vrph pljkw dujxh/ iurp hyhq ehlqj pdgh dffhswdeoh dv uhdolw|  wkdw zh gr
qrw sxuvxh lw +ru rwkhu olnh0plqghg vfkhphv, khuh14 Rxu irfxv lv rq wkh idploldu dqg
wlph0krqruhg wudglwlrq ri dvvljqlqj ohwwhu judghv wr wkh qxphulfdo h{dp vfruhv/ zlwk
qr wdpshulqj ri wkh vfruhv1
Wkrxjk zh gr qrw lpsrvh h{wudqhrxv qrlvh rq vwxghqwv* shuirupdqfh/ lw lv fulwlfdo
iru rxu judglqj vfkhph wkdw wkhuh eh vrph ghjuhh ri lqwulqvlf udqgrpqhvv +doehlw
duelwudulo| vpdoo, lq wkh shuirupdqfh1 Wklv k|srwkhvlv/ lq rxu rslqlrq/ vkrxog vwudlq
4
Wkhuh duh vlwxdwlrqv zkhq qrlvh fdq eh qdwxudo1 Lq Gxeh|Zx +5334, dqg Gxeh|Kdlpdqnr
+5336,/ qrlvh zdv lqwurgxfhg e| ydu|lqj wkh vdpsoh vl}h rq wkh vwuhdp ri rxwsxwv surgxfhg e| djhqwv1
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qr rqh*v fuhgxolw|1 Lq wkh uduh vlwxdwlrq zkhq shuirupdqfh lv d ghwhuplqlvwlf ixqfwlrq
ri hruw/ dq| judglqj frduvh hqrxjk wr lqfhqwlyl}h wkh zhdn e| hqdeolqj klp wr
eh srrohg zlwk wkh vwurqj/ zloo ghvwur| wkh srvvlelolw| iru wkh vwurqj wr vhsdudwh
klpvhoi iurp wkh zhdn/ ohdylqj wkh vwurqj zlwk qr lqfhqwlyh wr zrun1 Wr uhvwruh wkh
vfkhph/ lw lv qhhgixo wr dgg d wrxfk ri udqgrpqhvv lqwr wkh vfruhv iurp wkh rxwvlgh1
Wkh frqmxqfwlrq ri d olwwoh udqgrpqhvv dqg dssursuldwho| frduvh judglqj pdnhv iru
vlpxowdqhrxv lqfhqwlyhv iru doo wkh vwxghqwv1
Pdq| vwdqgdug jdphv/ sod|hg lq wkh sduoru ru wkh vsruwv hog/ w rxu jhqhudo
iudphzrun1 Shuirupdqfh fdq riwhq eh yhu| qho| fdoleudwhg +vrphwlphv olwhudoo| e|
wkh vfruh,1 Exw wklv lv ryhuorrnhg dqg wkh rxwfrph lv mxvw ghfoduhg wr eh d zlq/
gudz ru orvv1 Wkh iuhtxhqw srvvlelolw| ri gudzv lv dnlq wr d frduvhqlqj dqg lv vxuho|
lqwurgxfhg wr vxvwdlq frpshwlwlrq1 Lq sduoru jdphv/ udqgrpqhvv lv riwhq uhlqirufhg
e| lqvhuwlqj pryhv ri fkdqfh +wkurz ri wkh glfh/ vkx"lqj ri wkh ghfn/ hwf1, wr ixuwkhu
erovwhu wkh srvvlelolw| ri ylfwru| iru wkh zhdn zkhq kh lv ryhupdwfkhg1 Wkhvh wzlq
sulqflsohv ri frduvhqlqj dqg udqgrpqhvv kdyh lq xhqfhg wkh ghvljq ri jdphv vlqfh
dqwltxlw|1 Zh eulqj wkhp wr ehdu rq wkh jdph ri vwdwxv wkdw lv lqgxfhg dprqj
vwxghqwv wdnlqj dq h{dp1 Dqg zh fdoo dwwhqwlrq wr wkh xqlyhuvdo suhydohqfh ri jdphv
ri vwdwxv lq hyhu| gd| olih1
Rxu pdlq wkhph/ dv zdv vdlg/ lv wkdw wkh rswlpdo ghvljq ri h{dpv riwhq ohdgv wr
d frduvh sduwlwlrq ri qxphulfdo vfruhv lqwr ohwwhu judghv1 Wklv qr grxew uhgxfhv wkh
vfuhhqlqj frqwhqw gholyhuhg e| vfkrrov1 Exw rxu dqdo|vlv uhyhdov wkdw li wkh vfkrrov
vrxjkw wr frqyh| pruh lqirupdwlrq derxw wkh txdolw| ri wkhlu vwxghqwv/ wkh| zrxog
surgxfh vwxghqwv ri orzhu txdolw|$
Lq Vhfwlrq 6 zh fkdudfwhul}h wkh rswlpdo devroxwh judglqj vfkhph iru dq duelwudu|
qxpehu ri vwxghqwv N dqg Q ri wzr glvsdudwh delolwlhv/ dqg wkhq zh vkrz krz wr
h{whqg wkh dqdo|vlv wr wkuhh ru pruh delolw| w|shv1 Wkurxjkrxw prvw ri wkh sdshu zh
dvvxph wkdw wkh glvwulexwlrq ri delolw| w|shv dqg wkh glvwulexwlrq ri vfruhv hdfk w|sh
zloo jhw rq wkh h{dp/ frqglwlrqdo rq hruw ohyhov/ lv frpprq nqrzohgjh dprqj wkh
vwxghqwv dqg wkh surihvvru1 E| yluwxh ri uhshdwhg phhwlqjv ri wkh fodvv/ shukdsv hyhq
ryhu pdq| |hduv/ lw lv qrw xquhdvrqdeoh wr vxssrvh wkdw wkhvh glvwulexwlrqv fdq eh
idluo| zhoo hvwlpdwhg e| wkh surihvvru dqg wkh vwxghqwv dolnh/ vr wkdw wklv dvvxpswlrq
lv qrw vr xqwhqdeoh1 Hdfk vwxghqw dovr nqrzv klv rzq delolw| w|sh1 Rxu uvw dqg
prvw lpsruwdqw frqfoxvlrq lv wkdw lq rughu wr fuhdwh wkh odujhvw lqfhqwlyhv wr zrun/
wkh surihvvru vkrxog xvh frduvh judglqj1
Rxu vhfrqg frqfoxvlrq lv wkdw lq dssruwlrqlqj vwdwxv wr irvwhu lqfhqwlyhv wr zrun/
wkh rswlpdo judglqj fuhdwhv vpdoo holwhv/ h{foxglqj pdq| iurp phpehuvkls zkr kdyh
htxdo delolwlhv dqg kdyh dovr zrunhg kdug1 Lq d srsxodwlrq pdgh xs ri htxdo qxpehuv
ri vwxghqwv ri glvsdudwh delolwlhv/ vd| doskd dqg ehwd dqg jdppd/ ihzhu D judghv zloo
eh jlyhq wkdq E*v/ dqg ihzhu E*v zloo eh jlyhq wkdq F*v1 Lq sduwlfxodu/ wkrxjk wkh| doo
zrun kdug/ rqo| vrph doskdv jhw D dqg rqo| vrph ehwdv jhw E1 Ixuwkhupruh/ zh vkrz
wkdw dv wkh sursruwlrq ri doskd delolw| vwxghqwv lqfuhdvhv/ wkh iudfwlrq ri wkhp zkr
vkrxog eh jlyhq D*v ghfuhdvhv1 Qr pdwwhu zkdw wkh frpsrvlwlrq ri vwxghqw delolw|
w|shv/ qr pruh wkdq 83( ri wkhp vkrxog eh jlyhq D*v1 Li ohvv deoh vwxghqwv kdyh
kljkhu frvwv iurp vwxg|lqj kdug/ dv Vshqfh +4<:7, vxjjhvwhg/ wkhq wkh s|udplglqj
6

ehfrphv vwloo pruh h{wuhph1
Wkh k|srwkhvlv ri glvsdudwh delolwlhv lv vwurqj/ exw qrw dv vwurqj dv lw vhhpv/ dqg
fdq eh sodxvleo| lqwhusuhwhg1 Iru h{dpsoh/ rqh pljkw lpdjlqh wkdw vwxghqwv kdyh
pdq| hruw ohyhov/ dqg wkdw zkhq wkh doskd vwxghqwv h{huw wkhlu vhfrqg ehvw hruw
wkh| zloo frph dkhdg ri wkh ehwd vwxghqwv/ qr pdwwhu krz kdug wkh ehwdv zrun ru
krz oxfn| wkh| jhw1 Li wkh surihvvru zdqwv wr prwlydwh hdfk vwxghqw wr gr klv yhu|
ehvw/ wkhq rxu suhylrxv dqdo|vlv krogv zlwkrxw fkdqjh1 Exw zh frqvlghu wzr rwkhu
vlwxdwlrqv dv zhoo1
Frduvh judglqj fdq surylgh ehwwhu lqfhqwlyhv wr zrun hyhq zkhq vwxghqwv duh h{
dqwh lghqwlfdo1 Lq Vhfwlrq 7 zh surylgh fulwhuld iru dq rswlpdo judglqj sduwlwlrq lq
wklv vhwwlqj1 Wkh nh| dqdo|wlfdo frqfhswv lq wklv dqdo|vlv duh vwrfkdvwlf grplqdqfh
dqg xqlirup vwrfkdvwlf grplqdqfh15 Zh vkrz wkdw d sduwlwlrq lv rswlpdo li lqvlgh
hdfk fhoo/ wkh vklunhu*v shuirupdqfh xqlirupo| vwrfkdvwlfdoo| grplqdwhv wkh zrunhu*v/
zkloh dfurvv fhoov wkh zrunhu*v xqlirupo| grplqdwhv wkh vklunhu*v1 Ilqh sduwlwlrqv duh
w|slfdoo| qrw rswlpdo1 Iru h{dpsoh/ li wkh shuirupdqfh ri d kdug zrunhu kdv qrupdo
glvwulexwlrq Q+> , zlwk phdq  dqg vwdqgdug ghyldwlrq / zkloh wkh shuirupdqfh
ri d vklunhu lv jlyhq e| Q+a
> 
a ,/ wkhq wkh rswlpdo judglqj vfkhph zloo pdnh shuihfwo|
qh glvwlqfwlrqv rq rqh wdlo/ dqg pdvn doo vfruhv rq wkh rwkhu wdlo lqwr wkh vdph judgh/
surylghg wkdw  9@ 
a 1 +Li  @ 
a dqg  A 
a / wkhq shuihfwo| qh judglqj lv rswlpdo1,
Lq Vhfwlrq 8 zh frqvlghu wkh pl{hg fdvh/ zkhuh vwxghqwv duh qhlwkhu lghqwlfdo
qru glvsdudwh/ kdylqj vljqlfdqw ryhuods lq wkhlu shuirupdqfh1 Zh lpdjlqh dq h{dp
zlwk N txhvwlrqv/ dqg vwxghqwv q 5 Q zkr kdyh suredelolwlhv s ? s2 ?    ? sQ
udqjlqj xqlirupo| rq ^3> 4`/ ri dqvzhulqj hdfk txhvwlrq +lqghshqghqwo|, fruuhfwo|/
li wkh| zrun kdug1 Li d vwxghqw q vklunv/ klv sq lv uhgxfhg wr sq3 1 Lw wxuqv rxw
wkdw frduvh judglqj lqfuhdvhv wkh lqfhqwlyh iru wkh ehvw dqg wkh zruvw vwxghqwv wr
zrun kdug/ wkrxjk glplqlvklqj wkh lqfhqwlyhv ri vwxghqwv lq wkh plggoh1 Exw vlqfh
wkh plggoh vwxghqwv douhdg| kdyh d elj lqfhqwlyh wr zrun kdug/ wkh rswlpdo judglqj
sduwlwlrq wr lqfhqwlyl}h hyhu| vwxghqw wr zrun kdug kdv wr eh frduvh1
Lq prylqj iurp vfruhv wr judghv/ surihvvruv fdq judgh devroxwho| +vd| <3 wr 433
lv dq D, ru rq d fxuyh +vd| wkh wrs 48( jhw dq D,1 Jlyhq wkdw wkh vwxghqwv
rqo| fduh derxw wkhlu uhodwlyh udqn/ zklfk nlqg ri judglqj lv ehwwhuB Zh vkrz lq
Vhfwlrq 9 wkdw li wkh vwxghqwv kdyh lghqwlfdo delolwlhv dqg xwlolwlhv/ wkhq devroxwh
judglqj lv dozd|v ehwwhu wkdq judglqj rq d fxuyh1 Wklv sulqflsoh pd| eh ydolg zlwk
khwhurjhqhrxv vwxghqwv/ exw zh ohdyh lwv h{sorudwlrq iru ixwxuh uhvhdufk1 Lw euhdnv
grzq/ krzhyhu/ zkhq wkh surihvvru lv vljqlfdqwo| xqfhuwdlq derxw wkh glvwulexwlrq
ri vwxghqwv* delolwlhv +wkrxjk vwloo wkh surihvvru pxvw/ e| dqg odujh/ ghylvh frduvh
judghv,1
Lq Vhfwlrq : zh frqvlghu wkh sureohp wkh surihvvru idfhv wr prwlydwh klv vwxghqwv
wr vwxg| iru wzr h{dpv/ vd| zkhq kh jlyhv d plgwhup dqg qdo1 Wkh sureohp lv wkdw
li d vwxghqw grhv yhu| zhoo ru yhu| edgo| rq wkh plgwhup/ kh +ru klv ulydov, zloo ihho
ohvv lqfhqwlyh wr zrun iru wkh qdo li kh ru wkh| duh xqdeoh wr dhfw wkhlu frxuvh judgh1
Wkh rqo| zd| durxqg wklv sureohp lv wr zhljkw wkh qdo pruh wkdq wkh plgwhup/ dqg
5

Vwrfkdvwlf grplqdqfh iuhtxhqwo| sod|v d uroh lq hfrqrplf prgholqj/ exw xqlirup vwrfkdvwlf grp0
lqdqfh kdv ehhq ohvv riwhq xvhg1
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wr judgh hyhq pruh frduvho| rq wkh plgwhup wkdq rq wkh qdo/ dyhudjlqj wkh ohwwhu
judghv dqg qrw wkh vfruhv iurp wkh wzr h{dpv wr rewdlq wkh qdo frxuvh judgh1
Odvwo|/ lq Vhfwlrq ; zh revhuyh wkdw vwdwxv shuwdlqv wr vlwxdwlrqv idu pruh jhqhudo
wkdq dvvljqlqj frxuvh judghv1 Zh vkrz wkdw dq hpsor|hu zkr fdq lqgxfh klv zrunhuv
wr uhjdug vxshulru shuirupdqfh dv dq lqglfdwlrq ri vwdwxv zloo eh deoh wr jhw wkhp wr
zrun kdughu dqg sd| wkhp ohvv prqh|1 Wr plqlpl}h klv frvw/ kh vkrxog frqqh klpvhoi
wr d ihz judghv ri zdjhv/ hyhq li surgxfwlylw| fdq eh pxfk pruh qho| phdvxuhg1
Vrflhw| dv d zkroh kdv pxfk wr jdlq e| dvvrfldwlqj vwdwxv zlwk surgxfwlylw|1 Wklv
lqvljkw zdv suhvhqw dqg sxw lqwr sudfwlfh lq wkh dqflhqw zruog1 Dv idu edfn dv 833
E1F1/ wkh Juhhnv zhuh pdvwhuv ri ghvljqlqj frpshwlwlrqv  iru wkh ehvw sod|zuljkwv/
wkh ehvw duwlvwv/ wkh ehvw dwkohwhv dqg vr rq1 Durxqg wkh vdph wlph/ dw wkh rwkhu hqg ri
wkh flylol}hg zruog ri wkh gd|/ frqwhvwv ri doo nlqgv zhuh dovr frpprq sudfwlfh lq Lqgld/
dqg lqfoxghg surplqhqwo| dprqj wkhvh zhuh Vkdvwuduwkdv ru sklorvrsklfdo ghedwhv/
zlwk pxfk suhvwljh dffrughg wr wkh zlqqhu1 Wkh dqflhqwv kdg fohduo| glvfryhuhg wkdw
jdphv ri vwdwxv riwhq fdoo iruwk wkh prvw khurlf hruw1 +Wklv lv qrw wr ghq|/ ri frxuvh/
wkdw fdop Exggklvwlf ghwdfkphqw pd| dovr ohdg wr lqvsluhg dfwlylw|1,
Wklv sdshu lv d uvw vwhs lq dqdo|}lqj jdphv ri vwdwxv1 Zh kdyh suhww| pxfk fkdu0
dfwhul}hg rswlpdo judglqj sduwlwlrqv iru wkh fdvh ri glvsdudwh vwxghqwv/ dqg iru wkh
fdvh ri llg krprjhqhrxv vwxghqwv1 Zh ohdyh wr ixwxuh zrun wkh jhqhudo fdvh ri khwhur0
jhqhrxv +dqg ryhuodsslqj, shuirupdqfhv/ dqg dovr wkh fdvh zkhuh h{dp shuirupdqfhv
duh fruuhodwhg +iru h{dpsoh/ ehfdxvh hyhu|rqh pljkw qg wkh h{dp xqh{shfwhgo|
kdug,1

5

Jdphv ri Vwdwxv

Lq wklv vhfwlrq zh suhflvho| ghqh zkdw zh phdq e| jdphv ri vwdwxv/ dqg wkh iuhhgrp
wkh sulqflsdo kdv wr ghvljq wkhp1
Lpdjlqh d jurxs ri vwxghqwv Q zkr duh wdnlqj dq h{dp1 Ghshqglqj rq wkhlu
hruw ohyhov +hq ,qMQ / wkh| zloo jhw h{dp vfruhv/ +{q ,qMQ / zklfk pljkw dovr ghshqg rq
udqgrp hyhqwv/ vxfk dv zkhwkhu wkh| zhuh oxfn| hqrxjk wr kdyh vwxglhg wkh pdwhuldo
suhflvho| uhohydqw wr wkh txhvwlrqv/ ru krz wkh| ihow wkdw gd|/ ru krz dffxudwho| wkh
surihvvru fruuhfwhg wkh h{dpv1 Lw lv qdwxudo wr dvvxph wkdw d vwxghqw*v vfruh grhv qrw
ghshqg rq rwkhuv* hruwv/ exw dfwxdoo| qrqh ri rxu pdwkhpdwlfv uhtxluhv lw1 Zkhq
wkh vfruh {q ghshqgv +shukdsv qhjdwlyho|, rq wkh hruw hp / p 9@ q/ zh fdq uhlqwhusuhw
rxu prgho dv d sduoru jdph1 Jlyhq wkh h{dp vfruhv { @ +{q ,qMQ / wkh surihvvru pxvw
dvvljq judghv +{,1 Vwxghqwv duh dvvxphg wr fduh rqo| derxw vwdwxv +dqg qrw derxw
wkh hgxfdwlrq wkh| duh jhwwlqj,1 Zh fdswxuh wklv e| dvvxplqj6 wkdw wkh| rewdlq 4
xwloh iru hdfk vwxghqw zkrvh judgh lv vwulfwo| orzhu/ dqg wkh| orvh 4 xwloh iru hdfk
vwxghqw zkrvh judgh lv vwulfwo| kljkhu1
Zh vxssrvh wkdw wkh vwxghqwv duh wrog lq dgydqfh krz wkh surihvvru frqyhuwv vfruhv
wr judghv/ l1h1/ wkh| nqrz 1 Devroxwh judglqj lv dfklhyhg e| vshfli|lqj lqwhuydov ri
6

Wklv lv wr nhhs pdwwhuv vlpsoh1 Rqh frxog srvwxodwh  lm xwlohv wr l iurp ehdwlqj m dqg  lm glvxwlohv
iurp ehlqj ehdwhq e| m/ zlwkrxw fkdqjlqj wkh whqru ri rxu dqdo|vlv1 Hyhq dglwlyho| vhsdudeoh xwlolwlhv
duh qrw hvvhqwldo1

8

vfruhv fruuhvsrqglqj wr hdfk judgh/ vd| ^<3> 433` jlyhv D/ ^:8> <3, jlyhv E/ dqg vr rq1
Judglqj rq d fxuyh lv edvhg lq frqwudvw rq uhodwlyh shuirupdqfh dorqh/ iru h{dpsoh/
wkdw wkh wrs 43( ri vwxghqwv jhw D/ wkh qh{w 53( jhw E*v/ dqg vr rq1 Devroxwh dqg
uhodwlyh judglqj duh txlwh glhuhqw/ wkrxjk erwk duh zlgho| xvhg1
Zkdw judglqj v|vwhp  vkrxog d surihvvru xvh/ li kh zdqwv wr lqfhqwlyl}h +zkhqhyhu
ihdvleoh, doo klv vwxghqwv wr sxw lq pd{lpdo hruwB Qr pdwwhu zkdw v|vwhp kh fkrrvhv/
dqg qr pdwwhu zkdw hruwv wkh vwxghqwv sxw lq/ wrwdo xwlolw| dzdughg yld judghv zloo
eh }hur/ vlqfh iru hyhu| xwloh jdlqhg e| d kljkhu0udqnhg vwxghqw/ wkhuh lv d xwloh orvw
e| d orzhu udqnhg vwxghqw1 Lqghhg zkhq vwxghqwv doo zrun kdug/ wkhlu wrwdo qhw xwlolw|
lv plqlpl}hg +vlqfh zrun lq lfwv glvxwlolw|,1 Vwdwxv vhhnlqj lv wkh xowlpdwh udw udfh$
Qhyhuwkhohvv/ e| wkh uljkw fkrlfh ri / wkh surihvvru fdq riwhq prwlydwh klv vwdwxv0
frqvflrxv vwxghqwv lqwr zrunlqj kdug/ dqg wkxv zloo|0qloo| ehfrplqj hgxfdwhg1
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Wkh Shuirupdqfh Pds

Ohw Q eh d qlwh vhw ri vwxghqwv +sod|huv,1 Wkh vwudwhj| vhw Hq  U ri hdfk vwxghqw
q 5 Q frqvlvwv ri d qlwh vhw ri hruw ohyhov wkdw duh z1o1r1j1 lghqwlhg zlwk wkh
glvxwlolw| wkh| lq lfw rq q1 Hruwv ohdg wr +udqgrp, shuirupdqfh vfruhv1 Iru { 5
UQ / wkh qwk0frpsrqhqw {q ri { uhsuhvhqwv wkh vfruh +rxwsxw, rewdlqhg e| q1 Ohw
H  [qMQ Hq dqg ohw +UQ , eh wkh vhw ri suredelolw| glvwulexwlrqv rq UQ 1 Wkh
shuirupdqfh pds
 = H $ +UQ ,
dvvrfldwhv vwrfkdvwlf vfruhv zlwk hruw ohyhov1 Khuh +h, jlyhv wkh suredelolw| glvwul0
exwlrq ri vfruh yhfwruv zkhq wkh vwxghqwv sxw lq hruw h 5 H17 Zh doorz iru wkh
srvvlelolw| wkdw q*v hruw hq pljkw dhfw wkh vfruh {p ri rwkhu vwxghqwv p 9@ q1
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Judglqj

Ohw U ghqrwh doo srvvleoh rughulqjv ri Q zlwk wlhv doorzhg1 Wkhuh lv d judglqj pds
 = UQ $ U
zklfk zhdno| udqnv vwxghqwv dffruglqj wr +{, zkhq wkh vfruhv rewdlqhg duh { 5 UQ 1
Hdfk udqn fruuhvsrqgv wr d judgh/ dqg vr frduvh judglqj hqwdlov vhyhudo wlhv iru
wkh vdph udqn1 Zh frqvlghu/ lq sulqflsoh/ rqo| pdsv  wkdw duh dqrq|prxv dqg
prqrwrqlf= wkh judghv ghshqg rq wkh vfruhv/ qrw rq wkh qdphv/ dqg d kljkhu vfruh
lpsolhv dw ohdvw dv kljk d judgh1 Rxu irfxv zloo eh rq wzr sduwlfxodu zd|v ri jhqhudwlqj
1
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Devroxwh Judglqj

Ohw S eh d sduwlwlrq ri U lqwr frqvhfxwlyh lqwhuydov/ hdfk ri zklfk kdv qrqhpsw|
lqwhulru dqg vrph ri zklfk duh ghvljqdwhg shuihfwo| qh1 Zkhq dq lqwhuydo8 ^d> e,
7
Lq wkh qdwxudo fdvh +vhh rxu h{dpsohv,/ kljkhu hruw ohyhov whqg wr lpsuryh vfruhv lq wkh vhqvh ri
uvw0rughu vwrfkdvwlf grplqdqfh1
8
Zh xvh dd> e dv d sur{| iru dd> e/ Ed> eo/ Ed> e ru dd> eo1 Rxu dqdo|vlv zrunv htxdoo| lq doo fdvhv1

9

lv ghvljqdwhg shuihfwo| qh/ lw lv wdnhq wr uhsuhvhqw wkh sduwlwlrq ii{j = { 5 ^d> e,j
frqvlvwlqj ri vlqjohwrq fhoov1 Dq lqwhuydo ^d> e, qrw vr ghvljqdwhg zloo vljqli| wkh
vwdqgdug xqeurnhq lqwhuydo/ dqg zloo dovr eh fdoohg d fhoo lq wkh sduwlwlrq S1 Qrwlfh
wkdw wkh fhoov ri S irup d wrwdoo| rughuhg vhw1
Il{ d sduwlwlrq S dv deryh1 Wkhq iru dq| d> e 5 U zh ghqh d " e l wkh fhoo
lq S frqwdlqlqj d olhv vwulfwo| deryh wkh fhoo lq S frqwdlqlqj e1 Wklv ohdgv wr dq
devroxwh judglqj   = UQ $ U zkhuh l " E{ m l {l " {m 1 Wkxv   +{, frduvhqv

wkh lqirupdwlrq lq {/ fuhdwlqj wlhv ehwzhhq sod|huv zkrvh vfruhv olh lq wkh vdph fhoo
ri S1
51515

Judglqj rq d Fxuyh

Jlyhq vfruhv { @ +{q ,qMQ 5 UQ / ghqh wkh fodvv udqn q +{, ri hdfk vwxghqw q e|
q +{, @ &im 5 Q = {m A {q j . 4=
Vhyhudo vwxghqwv pd| kdyh wkh vdph fodvv udqn1 Zh ghqh wkh judglqj fxuyh T wr
eh d frqvhfxwlyh sduwlwlrq ri fodvv udqnv i4> 5> ===> mQmj1 Iru dq| { 5 UQ / ohw  T +{, eh
jlyhq e|
q A T E{ m l q +{, ?T m +{,=

Wklv ghqhv wkh judglqj pds  T = UQ $ U1
Lq zrugv/ d judglqj fxuyh lv ghqhg e| wkh qxpehu qD ri vwxghqwv jhwwlqj D/ wkh
qxpehu qE jhwwlqj E/ dqg vr rq1 Wkh judghv duh rewdlqhg e| udqnlqj vwxghqw h{dp
vfruhv/ dqg wdnlqj wkh wrs qD vfruhv dqg jlylqj doo wkh vwxghqwv zkr jrw wkhp D1 Li
n A qD vwxghqwv wlh zlwk wkh wrs vfruh/ wkhq doo pxvw jhw D/ dqg wkh qxpehu ri E*v
lv glplqlvkhg e| wkh h{fhvv D*v/ dqg vr rq1
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Xwlolwlhv

Wkh +h{dp, shuirupdqfh sd|r wr d vwxghqw q iurp ehlqj udqnhg dffruglqj wr U 5 U
lv
&im 5 Q = q AU mj  &im 5 Q = m AU qj
uh hfwlqj wkh idfw wkdw q jhwv d xwloh iru hdfk vwxghqw kh ehdwv/ dqg orvhv d xwloh iru
hdfk vwxghqw zkr ehdwv klp1 Kh fduhv derxw vwdwxv1
Wkxv d vwxghqw q zkr h{huwv hruw hq 5 Hq dqg idfhv udqnlqj U 5 U jhwv qhw
xwlolw|=
&im 5 Q = q AU mj  &im 5 Q = m AU qj  hq
Qrwlfh djdlq wkdw wkh vwxghqw lv lqglhuhqw wr ohduqlqj1 Kdg kh sxw ydoxh rq lw/
rxu wdvn ri lqfhqwlyl}lqj klp wr zrun zrxog kdyh ehhq pxfk vlpsohu1
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Wkh Jdph K

Il{ d judglqj ixqfwlrq  = UQ $ U1 Wkhq/ jlyhq hruw ohyhov h  +hn ,nMQ 5 H/ wkh
sd|r wr q 5 Q lv klv h{shfwhg qhw xwlolw|=
H{sEh ^&im 5 Q = q A E{ mj  &im 5 Q = m A E{ qj`  hq  xq +h,  hq =
:

Khuh H{sEh ghqrwhv h{shfwdwlrq z1u1w1 wkh glvwulexwlrq +h, ryhu vfruhv { 5 UQ dqg
xq +h, ghqrwhv wkh h{shfwhg h{dp sd|r wr q1
Iru h  +hn ,nMQ 5 H dqg q 5 Q/ ghqrwh h3q  +hn ,nMQ .tq 1 Uhfdoo wkdw h lv d
Qdvk htxloleulxp +QH, ri  li wkh sd|r hdfk vwxghqw q jhwv xqghu h lv dw ohdvw dv
jrrg dv wkh sd|r xqghu +hq > h3q , iru doo hq 5 Hq 1
Ohw h  +
hq ,qMQ eh wkh vwudwhj| suroh ri pd{lpdo hruw=
hq @ pd{ihq = hq 5 Hq j=
Wkh nh| frqfhuq ri rxu dqdo|vlv lv wr ghvljq  vr dv wr hqvxuh wkdw h lv dq QH 
krshixoo| wkh xqltxh QH  ri wkh jdph  1
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Lqmhfwlqj Udqgrpl}dwlrq

Ohw  eh d suredelolw| glvwulexwlrq rq U zlwk phdq }hur dqg d v|pphwulf glvwulexwlrq
durxqg }hur1 Zh fdq wklqn ri  dv d qrlvh whup1 Wkhq wkh sulqflsdo fdq dgg wkh qrlvh
whup  lqghshqghqwo| wr hdfk {q / { 5 Q/ jlyhq dq| uhdol}dwlrq { 5 UQ 1 Wklv jhqhudwhv
d qhz suredelolw| glvwulexwlrq lq sodfh ri / zklfk zh ghqrwh  . 1 Wkh jdph > lv
ghqhg h{dfwo| dv ehiruh vxevwlwxwlqj  . iru 1 +Qhhgohvv wr vd|/ pruh jhqhudo qrlvh
 zklfk qhhg qrw eh l1l1g1  fdq eh wkrxjkw ri1 Exw/ wr nhhs wkh dqdo|vlv wudfwdeoh/
zh uhiudlq iurp grlqj vr1, Dv zh vkdoo vhh/ lw fdq ehfrph qhhgixo iru wkh sulqflsdo wr
dgg qrlvh  9@ 3 wr hqvxuh wkdw h lv dq QH ri > zkhq  lv d ghwhuplqlvwlf pds1

6
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Glvsdudwh Vwxghqwv
Frduvhqlqj

Zh ehjlq zlwk wkh vlpsohvw h{dpsoh/ zlwk mxvw wzr vwxghqwv/ looxvwudwlqj wkh ehqhwv
ri frduvh judglqj1
Iluvw vxssrvh Q @ i> j/ l1h1/ wkhuh duh mxvw wzr vwxghqwv1 Hdfk vwxghqw q kdv
wzr hruw ohyhov/ Oq +vklun, ru Kq +zrun,1 Wkh shuirupdqfh pds lv ghslfwhg lq
Iljxuh 4=
Low ability β
J Lβ

High ability α

J Hβ

J Lα

J Hα

Score

High effort

Low effort

Iljxuh 4= Wkh Shuirupdqfh Pds

q zkhq kh zrunv
Vwxghqw q rewdlqv pdunv xqlirupo| glvwulexwhg rq wkh lqwhuydo MK
dqg MOq zkhq kh vklunv1 Klv vfruh ghshqgv rqo| rq fkdqfh dqg rq klv rzq hruw/ dqg
;

wkhuh lv qr lqwhudfwlrq zlwk wkh rwkhu vwxghqw dw wklv srlqw1 Wkdw kdsshqv rqfh wkh
surihvvru udqnv wkhp/ vlqfh hdfk vwxghqw fduhv derxw klv vwdwxv1
 ? M ?
Zh kdyh wdnhq wkh vwxghqwv wr kdyh kljko| glvsdudwh delolwlhv= MO ? MK
O
 / l1h1/  lv vr pxfk pruh deoh wkdq / wkdw kh dozd|v frphv rxw dkhdg hyhq zkhq
MK
kh vklunv dqg klv ulydo zrunv1 Wkxv li wkh surihvvru zhuh wr judgh wkhp qho|/ qhlwkhu
zrxog zrun/ vlqfh vwdwxv frxog qrw eh dhfwhg e| hruw1 Pruh suhflvho|/ +O > O ,
h  ii{j = { 5 Uj ghqrwhv wkh qhvw
lv wkh xqltxh QH ri wkh jdph9  h zkhuh S
sduwlwlrq  hyhq pruh/ lw lv dq QH lq vwulfwo| grplqdqw vwudwhjlhv1
Wkh surihvvru fdq gr ehwwhu zlwk d mxglflrxvo| fkrvhq frduvh sduwlwlrq S1 Lqghhg
 jhwv
frqvlghu wkh sduwlwlrq S+s,  iD> E> Fj vkrzq lq Iljxuh 51 Dq|wklqj ehorz MK
judgh F +lqfoxglqj doo vfruhv lq MO rewdlqhg zkhq wkh ehwd w|sh vklunv,1 Doo vfruhv
 dqg M  jhw E/ dv zhoo dv wkh erwwrp +4  s, iudfwlrq ri wkh vfruhv lq M  1 Wkh
lq MK
O
K
sduwlwlrq lv frpsohwho| fkdudfwhul}hg e| wkh vlqjoh sdudphwhu 3  s  4/ vshfli|lqj
 wkdw frxqwv iru wkh judgh D +vr wkdw zh pd| deeuhyldwh   Es  s/
wkh iudfwlrq ri MK
zlwkrxw frqixvlrq,1
C

B

A
1− p

J Lβ

J Hβ

J Lα

p

J Hα

Score

Iljxuh 5= Wkh sduwlwlrq S+s,
Wkh lqfhqwlyh L q +s, wr vzlwfk iurp hruw ohyho Oq wr Kq iru dq| vwxghqw q +dvvxplqj
wkdw klv ulydo lv zrunlqj kdug, lv jlyhq e|=
L  +s, @ xs +K > K ,  xs +O > K ,

L  +s, @ xs +K > K ,  xs +K > O ,=

Fohduo|

xs +K > O , @ 4

vlqfh/ xqghu +K > O ,/  dozd|v jhwv F dqg vr lv dozd|v ehklqg  +zkr jhwv E zlwk
suredelolw| 4  s dqg D zlwk suredelolw| s,1 Dovr
xs +K > K , @ s
vlqfh/ xqghu +K > K ,/  ehdwv  zlwk suredelolw| s1 Vr
L  +s, @ s  +4, @ s . 4=
Vlploduo|/ rqh frpsxwhv

L  +s, @ s  3 @ s=

9

EO > O  lv lq idfw wkh vwulfwo| grplqdqw vwudwhj| QH ri K S iru dq|  zklfk kdv qr fhoo lqwhu0
1
vhfwlqj erwk MO dqg MK

<

Ghqrwh gq @ Kq  Oq / l1h1/ gq lv q*v glvxwlolw| iru vzlwfklqj iurp vklun wr zrun1 Wkhq
+K > K , lv d Qdvk htxloleulxp li dqg rqo| li
L  +s, @ s . 4  g / l1h1/ s  4  g  4

+4d,

L  +s, @ s  g =

+4e,

dqg

Lq Iljxuh 6/ zh judsk wkh wzr lqfhqwlyh ixqfwlrqv=
I β( p)

I α ( p)

1

0

p* =1/ 2

p
1

Iljxuh 6= Wkh Lqfhqwlyhv L q +s,
Li wkh vwxghqwv kdyh wkh vdph glvxwlolwlhv/ l1h1/ g @ g @ g/ wkh rswlpdo s lv
jlyhq e|
sW @ duj pd{ plqiL  +s,> L  +s,j
f$s$

4
=
5
Qrwh wkdw L q +4@5, @ 4@5 iru erwk vwxghqwv q1 Li g  4@5/ sW lqgxfhv erwk vwxghqwv
wr zrun dv lwv xqltxh QH1 Khuh sW lv rswlpdo lq wkh vhqvh wkdw zkhqhyhu +K > K , lv
dq QH ri   iru vrph sduwlwlrq S/ lw lv dovr dq QH ri sW 1
@

Pxowlsoh Hruw Ohyhov dqg Ohvv Glvsdudwhqhvv Rqh pd| lpdjlqh wkdw hdfk
vwxghqw kdv vhyhudo hruw ohyhov dqg wkdw MOq lv wkh shuirupdqfh lqwhuydo iru q 5 Q
zkhq q h{huwv klv vhfrqg0kljkhvw hruw1 Qrz wkh wzr vwxghqwv duh qrw dv khwhurjh0
qhrxv dv ehiruh= doo zh duh srvwxodwlqj +lq Iljxuh 4, lv wkdw  lv vx!flhqwo| pruh
deoh wkdq  vr wkdw klv vhfrqg0kljkhvw hruw ohdgv wr xqlirupo| ehwwhu vfruhv wkdq
*v kljkhvw hruw1 +Wkh whup gq @ Kq  Oq pxvw eh lqwhusuhwhg dv wkh h{wud glvx0
wlolw| lqfxuuhg zkhq q vzlwfkhv iurp klv vhfrqg0kljkhvw wr klv kljkhvw hruw1, Lq wklv
vhwwlqj/ lw lv kdughu wr vxvwdlq pd{lpdo hruw dv dq QH +pruh frqglwlrqv zloo kdyh
wr eh phw,/ dqg rxu dqdo|vlv jlyhv rqo| qhfhvvdu| frqglwlrqv1 Qhyhuwkhohvv/ lw vkrzv
wkdw li pd{lpdo hruw lv dq QH/ lw lv dfklhydeoh yld wkh sduwlwlrqv S+s, wkdw zh kdyh
dqdo|}hg1
43
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S|udplglqj

Qrwlfh wkdw wkh rswlpdo judglqj sduwlwlrq/ jlyhq e| sW @ 4@5/ lpsolhv=
H{shfwhg & ri vwxghqwv jhwwlqj D @ sW @

4
5

6
H{shfwhg & ri vwxghqwv jhwwlqj E @ 4 . +4  sW , @ =
5

+5d,
+5e,

Lq rwkhu zrugv/ rswlpdo judglqj fuhdwhv d s|udplg zlwk ihzhu D*v wkdq E*v hyhq
wkrxjk wkhuh duh htxdo qxpehuv ri vwurqj dqg zhdn vwxghqwv lq wkh fodvv1
Vshqfh +4<:7, srvwxodwhg wkdw w|slfdoo| wkh zhdn vwxghqw lqfxuv pruh glvxwlolw|
iurp hruw wkdq wkh vwurqj/ l1h1/
g A g =
Lw lv hylghqw wkdw wkh Vshqfh frqglwlrq kdv wkh hhfw ri dffhqwxdwlqj wkh s|udplg1
Lqghhg/ e| +4,/ +K > K , lv dq QH ri s l s 5 ^g > 4  g `1 Wkxv s idoov dv g ulvhv/
glplqlvklqj wkh h{shfwhg qxpehu ri D*v dqg lqfuhdvlqj wkh E*v1
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Pxowlsoh Vwxghqwv ri Hdfk W|sh

Zh vkdoo vkrz wkdw frduvhqlqj dqg s|udplglqj shuvlvw zlwk pdq| vwxghqwv ri hdfk
w|sh1 Vxssrvh wkhuh duh wzr vwxghqwv ri w|sh / dqg wzr ri w|sh 1 Li d  w|sh zrunv/
klv h{shfwhg h{dp sd|r djdlqvw dq  zrunhu lv s+4,1 Vlqfh klv h{shfwhg h{dp
sd|r djdlqvw wkh rwkhu  vwxghqw pxvw eh }hur/ klv wrwdo h{shfwhg h{dp sd|r li kh
zrunv lv wkhq 3 . 5s+4, @ 5s1 Li kh vklunv/ kh frphv ehorz doo wkh rwkhu wkuhh iru
vxuh1 Klv lqfhqwlyh wr zrun lv wkxv 6  5s1 Li dq  w|sh zrunv/ klv h{shfwhg h{dp
sd|r djdlqvw wkh rwkhu  vwxghqw lv dozd|v }hur1 Klv h{shfwhg h{dp sd|r djdlqvw
wkh wzr  w|shv lv 5s1 Li wkh  w|sh vklunv/ kh frphv htxdo zlwk wkh  vwxghqwv/ dqg
ehklqg wkh rwkhu  vwxghqw zlwk suredelolw| s1 Klv lqfhqwlyh wr zrun lv wkxv 6s1 Li doo
vwxghqwv q kdyh wkh vdph glvxwlolwlhv gq iru hruw/ wkhq wkh rswlpdo sduwlwlrq rffxuv
zkhuh s pd{lpl}hv wkh plqlpxp ri 6  5s dqg 6s1 Wklv rffxuv dw s @ 6@81 Rq
dyhudjh rqo| 93( ri  w|shv jhw D1
Vxssrvh wkhuh duh Q 0w|sh vwxghqwv ri orz delolw| dqg N 0w|sh vwxghqwv ri kljk
delolw|1 Doo wkh uhvxowv zh rewdlqhg iru Q @ N @ 4> 5 uhpdlq hvvhqwldoo| lqwdfw1 Wkh
uhdghu fdq fkhfn wkdw wkh lqfhqwlyh ixqfwlrqv ehfrph=
L  +s, @ sN  ++Q . N  4,,
@ +K s . 4,
zkhuh K  N@+Q . N  4, jlyhv wkh iudfwlrq ri kljk delolw| lq wkh srsxodwlrq/ zkhq
d vlqjoh orz0delolw| vwxghqw vwdqgv dvlgh> dqg   Q . N  4  xwlohv wr d vwxghqw
zkhq kh ehdwv doo wkh rwkhuv1 Vlploduo|/ rqh fdq frpsxwh
L  +s, @ s=
Lw lv frqyhqlhqw wr qrupdol}h xwlolwlhv/ glylglqj lqfhqwlyhv dqg hruw frvwv e| 1
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Wkhq zh pd| uhzulwh
gq @ +Q . N  4,3  +rog gq ,
L  +s, @ K s . 4
L  +s, @ s
dqg wkh dqdo|vlv surfhhgv dv ehiruh1 Wkh rswlpdo s @ 4@+4 . K , lv rewdlqhg e|
vroylqj K s . 4 @ s1 Zkhq N dqg Q duh odujh dqg htxdo/ K lv qhduo| 4@5/ dqg
wkh rswlpdo sduwlwlrq s frqyhujhv wr 5@61 Wkh s|udplg uhpdlqv1 Lqghhg/ wkh s|udplg
ehfrphv pruh ylvleoh vlqfh h{shfwhg & ri vwxghqwv jhwwlqj D  dfwxdo & ri vwxghqwv
jhwwlqj D/ hwf1/ e| wkh odz ri odujh qxpehuv1
Zh judsk wkh lqfhqwlyhv lq Iljxuh 7 +zlwk O  +Q  4,@+Q . N  4, @ 4  K ,1
Normalized
Incentive
1

I β( p)

I α( p)

µL =1 −µH

p

0
1

Iljxuh 7= Qrupdol}hg lqfhqwlyhv zlwk N *v dqg Q *v
Li wkh srsxodwlrq fkdqjhv wr lqfoxgh pruh 0w|sh vwxghqwv/ wklv zloo orzhu wkh
iudfwlrq ri wkh 0w|sh vwxghqwv zkr jhw D1 +Uhfdoo wkdw doo wkh 0w|sh jhw E1, Fohduo|
s @ 4@+4 . K , lv ghfuhdvlqj lq K 1 Lw lv lqwhuhvwlqj wr revhuyh wkdw wkh sursruwlrq ri
D*v lq wkh zkroh srsxodwlrq lv dozd|v ohvv wkdq 4@5/ vlqfh sK @ K @+4 . K ,  4@5/
zlwk htxdolw| rewdlqlqj rqo| zkhq doo wkh vwxghqwv duh ri w|sh  +lq zklfk fdvh K @ 4
dqg sK @ 4@5,1
Revhuyh wkdw rxu vroxwlrq iru wzr glvsdudwh w|shv lv txlwh jhqhudo1 Doo zh xvhg
 ? M  ? M  / dqg wkdw wkh lqwhuydo M  kdv srvlwlyh ohqjwk/ dqg wkdw
lv wkdw MO ? MK
O
K
K
 1 Lq sduwlfxodu/ doo
wkh h{dp vfruhv ri  zkhq kh zrunv kdv srvlwlyh ghqvlw| rq MK
zh qhhghg zdv mxvw d wrxfk ri udqgrpqhvv wr wkh whvw vfruhv ri  zkhq kh zrunv1
Zlwkrxw wkdw udqgrpqhvv zh frxog qrw kdyh fuhdwhg lqfhqwlyhv iru wkh vwxghqwv wr
zrun1
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Pdq| Glvsdudwh Vwxghqw0W|shv

Rxu dqdo|vlv fduulhv ryhu wr dq| qxpehu ri glvsdudwh vwxghqw0w|shv1 Zkhq wkhuh duh
c w|shv/ wkh rswlpdo devroxwh judglqj sduwlwlrq zloo hqwdlo c . 4 ohwwhu judghv +l1h1/ zloo
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glylgh wkh qxphulfdo vfruh olqh lqwr c . 4 frqvhfxwlyh fhoov,1 Hdfk w|sh l zloo kdyh d
srvlwlyh suredelolw| 3 ? sl ? 4 ri rewdlqlqj judgh l li kh zrunv> exw zloo odsvh lqwr
wkh orzhu judgh l  4 zlwk fhuwdlqw| li kh vklunv1
Zh looxvwudwh wkh fdvh ri wkuhh glvsdudwh w|shv=  +orz delolw|,/  +plggoh delolw|,/
 +kljk delolw|, lq Iljxuh 81
γ =1

β=2

J Lγ

J Hγ

J Lβ

α =3

J Hβ

J Lα

Low Effort

Score

J Hα

High Effort

Iljxuh 81 Wkh Shuirupdqfh Pds zlwk Wkuhh W|shv
Wkh sduwlwlrq lqwr irxu judghv +D> E> F> G, lv ghslfwhg lq Iljxuh 91
D
J Lγ

1− p1

J Hγ

C

1− p2

p1

J Lβ

J Hβ

B
p2

1− p3

J Lα

J Hα

A
p3

Score

Iljxuh 91 Wkh Sduwlwlrq S+s > s2 > s ,
Ohw xv vxssrvh wkdw wkhuh duh Q vwxghqwv ri hdfk w|sh/ dqg wkdw Q lv odujh hqrxjk
wkdw zh pd| wdnh +Q  4,@Q  41 +Hhfwlyho| zh duh dvvxplqj d frqwlqxxp ri
djhqwv1, Wkhq frxqwlqj ehdwlqj Q vwxghqwv dv rqh xwloh/ wkh lqfhqwlyh wr zrun iru
wkh c w|shv lv hdvlo| frpsxwhg wr eh
L  +s, @ s +5  s2 ,
L l +s, @ sl +5 . +sl3  sln ,, iru doo 5  l  c  4
L c +s, @ sc +4 . sc3 ,=
Zkhq zrunlqj/ d vwxghqw ri w|sh 5  l  c  4 pljkw jhw xqoxfn|/ zlwk suredelolw|
4  sl / dqg qg klpvhoi qr ehwwhu r wkdq li kh vklunhg1 Exw zlwk suredelolw| sl kh
zloo eh oxfn|/ ehdwlqj wkh iudfwlrq sl3 ri w|sh l  4 kh rwkhuzlvh zrxog eh htxdo
zlwk/ dqg frplqj htxdo zlwk wkh iudfwlrq 4  sln / ri w|sh l . 4 kh zrxog rwkhuzlvh
kdyh orvw rxw djdlqvw1 Lq dgglwlrq/ kh hlwkhu ehdwv +lqvwhdg ri htxdoolqj, ru htxdov
+lqvwhdg ri orvlqj wr, hyhu| vwxghqw ri klv rzq w|sh1 Wklv jlyhv wkh irupxod L l +s, iru
5  l  c  41 Wdnlqj sf @ 3 dqg scn @ 4 jlyhv wkh irupxodv iru L  +s, dqg L c +s,1
Wkh rswlpdo sduwlwlrq s pxvw pd{lpl}h wkh plqlpxp L l +s, ryhu doo l @ 4> ===> c1
Lw lv lpphgldwho| fohdu wklv lpsolhv s @ 41 Khqfh zh nqrz uljkw r wkh edw wkdw
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wkh qxpehu ri vwxghqwv jhwwlqj wkh orzhvw uhdol}hg judgh l @ 4 zloo eh juhdwhu wkdq
wkh srsxodwlrq ri orzhvw dfklhyhuv +dv orqj dv s2 ? 4,1 Iru judghv l @ 4> ===> c  4/
wkh h{shfwhg qxpehu ri vwxghqwv rewdlqlqj judgh l/ zkhq doo ri wkhp zrun/ lv Q
pxowlsolhg e| sl . +4  sln ,1 Suhflvho| Qsc vwxghqwv fdq h{shfw wr eh dzdughg wkh
wrs judgh c1 Judgh l @ 3 lv jlyhq rqo| li d vwxghqw ri w|sh l @ 4 vklunv1
Wkh rswlpdo sduwlwlrq fdq eh qxphulfdoo| fdofxodwhg iru dq| c1 Wkh sdwwhuq lv
urxjko| dv iroorzv1 Iru uhdvrqdeo| odujh c/ wkh lqfhqwlyh lv derxw 416;< iru hdfk
vwxghqw1 Vlqfh s @ 4/ wklv lv dovr wkh qxpehu ri vwxghqwv +pxowlsolhg e| Q, uhfhlylqj
wkh orzhvw judgh l @ 4= L  +s, @ s +5  s2 , @ +5  s2 , @ 4 . +4  s2 ,1 Wkh wrs judgh
l @ c zloo eh dzdughg wr wkh ihzhvw qxpehu ri vwxghqwv/ derxw 3=;Q1 Wkh qh{w ihzhvw
vwxghqwv zloo eh dzdughg wkh vhfrqg0orzhvw dqg vhfrqg0kljkhvw judghv/ derxw 3=<Q
hdfk1 Hyhu| rwkhu judgh zloo eh dzdughg wr dssur{lpdwho| Q vwxghqwv1
Wkxv dv zh vdz zlwk c @ 5/ d vpdoo holwh ri D*v lv dzdughg> rqo| ;3( ri doskd
vwxghqwv c jhw D1 Derxw 73( pruh l @ 4 judghv duh dzdughg wkdq wkhuh duh yhu| edg
vwxghqwv1 Iru d plggolqj vwxghqw ri w|sh l/ kh kdv d 93:3( fkdqfh ri jhwwlqj judgh
l dqg d 6373( fkdqfh ri jhwwlqj judgh l  41 Wkh qxpehu ri l w|shv judghg l  4 lv
mxvw edodqfhg e| wkh qxpehu ri l . 4 vwxghqwv zkr jhw judghg l1
Lq wkh wdeoh ehorz zh olvw wkh rswlpdo +s > ===> s2f , dqg wkh qxpehu ri vwxghqwv
+glylghg e| Q, iru hdfk judgh l @ +4> ===> 53,1
TABLE A. Pyramiding

Grade
Lowest 1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
Highest 20

Partition
probabilities
1
0.610273002
0.722511804
0.686471333
0.697680533
0.694160503
0.695262507
0.69491741
0.69502585
0.694992959
0.69500646
0.695009574
0.695034064
0.695108824
0.695347975
0.696112336
0.698544007
0.706259632
0.730428791
0.803267689

Number of
students in grade
1.389726998
0.887761199
1.036040471
0.9887908
1.00352003
0.998897996
1.000345096
0.99989156
1.000032891
0.999986499
0.999996886
0.99997551
0.999925241
0.999760849
0.999235638
0.997568329
0.992284376
0.975830841
0.927161102
0.803267689

Revhuyh wkdw wkhuh duh pruh F*v wkdq E*v/ dqg pruh E*v wkdq D*v/ exw iru orzhu
judghv wkh qxpehu ri vwxghqwv vwd| htxdo xqwlo wkh yhu| erwwrp lv uhdfkhg1 Wkh
erwwrph judgh +dvlgh iurp wkh idlolqj judgh l @ 3 wkdw qrerg| jhwv, l @ 4 lv wkh prvw
frpprqo| jlyhq1
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7

Krprjhqhrxv Vwxghqwv

Xqwlo qrz zh kdyh frqfhqwudwhg rq wkh fdvh zkhuh vwxghqwv glhu vxevwdqwldoo| lq
wkhlu delolwlhv1 Lq wkdw fdvh/ frduvhqlqj wkh judglqj doorzv wkh zhdnhu vwxghqw wr
frpshwh zlwk wkh vwurqjhu1 Zh wxuq qrz wr wkh fdvh zkhuh doo vwxghqwv kdyh wkh
vdph delolw|/ dqg zh vkrz wkdw frduvhqlqj vwloo kdv d uroh wr sod|1

714

Dq H{dpsoh

Frqvlghu wkh vlwxdwlrq lq zklfk Q lghqwlfdo vwxghqwv wdnh dq h{dp1 Vxssrvh wkdw li
d vwxghqw zrunv kdug/ klv vfruh zloo eh xqlirupo| glvwulexwhg rq ^83(> 433(`/ wkdw lv/
klv vfruh kdv ghqvlw|
i+{, @ 5 li 83(  {  433(/ dqg 3 rwkhuzlvh/
lqghshqghqw ri wkh rwkhuv* vfruhv dqg hruw ohyhov1 Li kh vklunv/ vxssrvh klv vfruh kdv
ghqvlw|
j+{, @ 5{ iru 3  {  433(/ dqg 3 rwkhuzlvh/
djdlq lqghshqghqw ri wkh rwkhuv1

f ( x)

2

g ( x)

1

0

50

100

Score

Iljxuh :1 Vfruh Ghqvlwlhv
Fohduo| zrun ohdgv wr shuirupdqfh i +{, wkdw vwrfkdvwlfdoo| grplqdwhv wkh shuiru0
pdqfh j+{, iurp vklunlqj rq wkh lqwhuydo ^3> 433`1 Exw rq ^83> 433`/ lqghhg rq dq|
vxelqwhuydo ri ^83> 433`/ j+{, vwrfkdvwlfdoo| grplqdwhv i +{,1 +Vwrfkhvwlf grplqdqfh
zloo eh ghqhg lq vhfwlrq 715,
Dvvxph doo rwkhu vwxghqwv duh zrunlqj kdug/ dqg d vlqjoh vwxghqw lv ghedwlqj
zkhwkhu wr zrun ru vklun1
Vxssrvh judglqj lv shuihfwo| qh1 D vwxghqw*v h{shfwhg h{dp sd|r lv wkhq wkh
vxp ri wkh suredelolwlhv kh frphv dkhdg ri hdfk rwkhu vwxghqw/ ohvv wkh vxp ri wkh
suredelolwlhv kh frphv ehklqg hdfk rwkhu vwxghqw1
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Li kh zrunv/ klv h{shfwhg h{dp sd|r zloo eh 31 Wklv iroorzv zlwk qr qhhg ri
fdofxodwlrq iurp v|pphwu| dqg wkh idfw wkdw wrwdo h{dp sd|r lv lqhylwdeo| 31
Li kh vklunv/ klv h{shfwhg h{dp sd|r lv htxdo wr wkh suredelolw| kh frphv dkhdg
ri d zrunhu/ ohvv wkh suredelolw| kh frphv ehklqg/ doo pxowlsolhg e| Q  41
Wkh suredelolw| wkh vklunhu frphv ehklqg d zrunhu lv


] 
] @2
4
7
:
2
5{g{ .
5{5+4  {,g{ @ . 5{  {
@ =
7
6
45
f
@2
@2
Wkh suredelolw| wkh vklunhu frphv dkhdg ri d zrunhu lv wkhuhiruh 4  :@45 @ 8@45>
dqg zh frqfoxgh wkdw vklunlqj jlyhv dq h{shfwhg h{dp sd|r


:
4
8

@  +Q  4,=
+Q  4,
45 45
9
Wklv vkrzv wkdw wkh lqfhqwlyh wr vwxg| kdug lv S +Q  4,/ zklfk pxvw eh frpsduhg wr
wkh glvxwlolw| ri hruw1
Vxssrvh lqvwhdg wkdw mxvw wzr judghv duh lvvxhg/ qdpho| D iru vfrulqj ehwzhhq
83( dqg 433(/ dqg E iru vfrulqj ehwzhhq 3 dqg 83(1 Li d vwxghqw zrunv/ dorqj
zlwk doo klv Q  4 ulydov/ wkhq doo zloo uhfhlyh d vfruh deryh 83( dqg wkhuhiruh doo zloo
uhfhlyh D1 Hdfk vwxghqw zloo jhw d sd|r ri 31 Li d vlqjoh vwxghqw idlov wr vwxg|/ wkhq
klv h{shfwhg sd|r lv +Q  4, pxowlsolhg e|
] 
] @2
4
5{g{ . 3
5{g{ @ 
4
7
f
@2
jlylqj dq lqfhqwlyh wr vwxg| ri

4
+Q  4,=
7
Vlqfh wklv lv juhdwhu wkdq S +Q  4,/ zh vhh wkdw jlylqj rqo| wzr judghv fuhdwhv vlj0
qlfdqwo| kljkhu lqfhqwlyhv wr zrun wkdq shuihfwo| qh judglqj1
Lq idfw/ zh zloo vkrz wkdw rxu sduwlwlrq ri vfruhv
S @ i^3> 83(,> ^83(> 433(`j
lqwr mxvw wzr judghv |lhogv wkh rswlpdo devroxwh judglqj sduwlwlrq1
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Wkh Jhqhudo Wkhru| zlwk llg Vwxghqwv

Zh wxuq qrz wr d pruh jhqhudo vlwxdwlrq1 Revhuyh uvw wkdw dv orqj dv wkh vwxghqwv
duh lghqwlfdo/ wkhlu h{shfwhg h{dp vfruhv pxvw eh }hur li wkh| doo zrun/ dv zh qrwhg
lq wkh h{dpsoh1 Wkh lqfhqwlyh wr zrun wkhuhiruh frphv hqwluho| iurp wkh h{shfwhg
sd|r wr d vklunhu zkr frpshwhv djdlqvw kdug zrunhuv1 Lw iroorzv wkdw wkhuh lv qr
vlpsolfdwlrq jdlqhg e| dvvxplqj wkdw hdfk vwxghqw*v shuirupdqfh lv lqghshqghqw ri
wkh rwkhuv* hruw ohyhov1 Li lq wkh h{dpsoh zh frqwlqxhg wr ohw +i> j, eh wkh vfruh
ghqvlwlhv ri wkh +zrunhuv/ vklunhu,/ dqg lqwurgxfhg k 9@ i dv wkh vfruh ghqvlw| zkhq
doo zrun/ rxu dqdo|vlv zrxog uhpdlq devroxwho| xqfkdqjhg> k zrxog eh luuhohydqw1
Rq wkh rwkhu kdqg/ wkh iroorzlqj lqghshqghqfh dvvxpswlrq grhv sod| dq lpsruwdqw
vlpsoli|lqj uroh1
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Dvvxpswlrq= Frqglwlrqdo rq dq| fkrlfh ri hruw ohyhov +h > ===> hq ,/ vwxghqwv* h{dp
vfruhv duh lqghshqghqw1
Zh vkdoo pdlqwdlq wklv dvvxpswlrq iru wkh uhvw ri wkh sdshu1
Ohppd 4= Vxssrvh wzr vwxghqwv K dqg O wdnh dq h{dp/ |lhoglqj lqghshqghqw
vfruhv {K dqg {O 1 Li wkh judglqj sduwlwlrq lv i+4> ,> ^> 4,j/ wkhq wkh h{shfwhg
h{dp sd|r wr O lv
S +{O 5 ^> 4,,  S +{K 5 ^> 4,,=
Vlploduo|/ li wkh judglqj sduwlwlrq lqfoxghv fhoov ^d> ,/ ^> e,/ iru d ?  ? e/ wkhq
frqglwlrqdo rq erwk {K dqg {O ehlqj lq ^d> e,/ wkh h{shfwhg h{dp sd|r wr O lv
S +{O 5 ^> e,, S +{K 5 ^> e,,

=
S +{O 5 ^d> e,, S +{K 5 ^d> e,,
Surri= Lq wkh uvw fdvh/ wkh h{shfwhg h{dp sd|r wr O lv
S +{O 5 ^> 4, a {K 5 +4> ,,  S +{K 5 ^> 4, a {O 5 +4> ,,=
Zlwk lqghshqghqfh/ wklv ehfrphv
S +{O 5 ^> 4,,S +{K 5 +4> ,,  S +{K 5 ^> 4,,S +{O 5 +4> ,,
@ S +{O 5 ^> 4,,+4  S +{K 5 ^> 4,,  S +{K 5 ^> 4,,+4  S +{O 5 ^> 4,,,
@ S +{O 5 ^> 4,,  S +{K 5 ^> 4,,=
Wkh vhfrqg fdvh lv dqdorjrxv1



Fruroodu|= Li S lv d sduwlwlrq ri vfruhv lqfoxglqj wkh fhoo ^d> e, dqg li S W prglhv
S e| fxwwlqj ^d> e, dw / lqwr ^d> , dqg ^> e,/ ohdylqj doo wkh rwkhu fhoov lqwdfw/ wkhq
wkh pryh iurp S wr S W lqfuhdvhv wkh h{shfwhg h{dp sd|r wr O e|


S +{O 5 ^> e, S +{K 5 ^> e,,

=
S +{O 5 ^d> e,,S +{K 5 ^d> e,,
S +{O 5 ^d> e, S +{K 5 ^d> e,,
@ ^d> e, ru
Surri= Wklv iroorzv iurp Ohppd 4 diwhu revhuylqj wkdw li hlwkhu {O 5
@ ^d> e,/ wkh sd|r lv wkh vdph xqghu S ru S W 1

{K 5
Wklv vkrxog uhplqg wkh uhdghu ri vwrfkdvwlf grplqdqfh1
Ghqlwlrq= Zh vd| wkdw wkh udqgrp yduldeoh { +vwrfkdvwlfdoo|, grplqdwhv wkh lq0
ghshqghqw udqgrp yduldeoh | rq wkh lqwhuydo ^d> e, li/ zkhqhyhu S +{ 5 ^d> e,, A 3 dqg
S +| 5 ^d> e,, A 3/ zh kdyh
S +{ 5 ^> e,m{ 5 ^d> e,,  S +| 5 ^> e,m| 5 ^d> e,,  3>
4:

l1h1/

S +{ 5 ^> e,,
S +| 5 ^> e,,

S +{ 5 ^d> e,,
S +| 5 ^d> e,,

iru doo  5 +d> e,1 Lq wklv fdvh zh zulwh
{ ( | rq ^d> e,=
Vwrfkdvwlf grplqdqfh kdv dq h{wuhpho| lpsruwdqw uroh wr sod| lq +prqrwrqlf,
judglqj vfkhphv1
Ohppd 5= Vxssrvh { ( |1 Ohw wkh h{dp vfruhv { dqg | eh lqghshqghqw ri wkh h{dp
vfruhv ri hyhu| vwxghqw q @ 4> ===> Q  41 Ohw  eh dq| prqrwrqlf judglqj vfkhph iru
Q vwxghqwv1 Wkhq wkh h{shfwhg h{dp sd|r wr Q lv dw ohdvw dv kljk xqghu dq h{dp
vfruh ri { dv lw lv xqghu |1
Surri= E| lqghshqghqfh/ wkh sd|rv iurp h{dp vfruhv { dqg | ghshqg rqo| rq wkhlu
glvwulexwlrqv1 Dffruglqj wr Wkhruhp 41D14 ri VkdnhgVkdqwklnxpdu/ wkhuh h{lvw {
a
dqg |a zlwk wkh vdph glvwulexwlrqv dv { dqg | uhvshfwlyho|/ vxfk wkdw {
a  |a zlwk
suredelolw| rqh1 Exw wkhq iru dq| uhdol}dwlrq ri wkh rwkhu Q  4 vfruhv/ {
a zloo fohduo|
jhw d +zhdno|, kljkhu sd|r wkdq |a1

Lw zloo eh xvhixo wr dovr frqvlghu d vwuhqjwkhqhg irup ri grplqdwlrq1
Ghqlwlrq= Zh vd| wkdw { xqlirupo| grplqdwhv | rq wkh lqwhuydo ^D> E, li { grp0
lqdwhv | rq hyhu| vxelqwhuydo ^d> e,  ^D> E,1 Lq wklv fdvh zh zulwh { (X | rq ^D> E,1
Erwk wkh qrwlrqv ri grplqdwlrq fohduo| h{whqg wr dq duelwudu| wrwdoo| rughuhg vhw1
Wklv zloo eh ri uhohydqfh lq vhwwlqj xs Wkhruhpv 5 dqg 6/ zkhuh d judglqj sduwlwlrq
S lv ylhzhg dv d wrwdoo| rughuhg vhw ri fhoov1
Xqlirup grplqdwlrq fdq eh fkdudfwhul}hg lq whupv ri olnholkrrg udwlrv lq d pdqqhu
wkdw pdnhv lw pxfk pruh kdqg| wr zrun zlwk1 Exw uvw zh pxvw uhvwulfw wkh udqgrp
yduldeohv voljkwo|1
Ghqlwlrq= Zh vd| wkdw d udqgrp yduldeoh { lv uhjxodu rq ^d> e, li +d, { kdv d
glhuhqwldeoh ghqvlw| ixqfwlrq rq ^d> e,/ ru +e, { wdnhv rq d qlwh qxpehu ri ydo0
xhv lq ^d> e,1 Lq hlwkhu fdvh zh fdq vshdn ri wkh ghqvlw| i +w,/ iru w 5 ^d> e, ru
w 5 i > 2 > ===> n j  ^d> e,1
Ohppd 6= Ohw { dqg | eh lqghshqghqw dqg uhjxodu rq ^D> E,/ zlwk ghqvlw| ixqf0
wlrqv i dqg j/ uhvshfwlyho|1 Wkhq { xqlirupo| grplqdwhv | rq ^D> E, li dqg rqo| li
i+w,@j+w, lv lqfuhdvlqj rq ^D> E`1

4;

Surri= Wklv iroorzv iurp Wkhruhp 41F15 lq VkdnhgVkdqwklnxpdu1



Lq wkh ohdglqj h{dpsoh ri wklv vhfwlrq {O xqlirupo| grplqdwhv {K rq ^83> 433`1
Zkhq i dqg j duh glhuhqwldeoh/ i+w,@j+w, lv lqfuhdvlqj li dqg rqo| li i  +w,@i+w, 

j +w,@j+w,1 Ohw Q+> , ghqrwh wkh qrupdo glvwulexwlrq zlwk phdq  dqg vwdqgdug
ghyldwlrq 1 Li {  Q+> , zlwk ghqvlw| i+w, dqg |  Q+
> 
 , zlwk ghqvlw| j+w, wkhq
i  +w,
+w  , +w  
,
j  +w,
@
;w 5 +4> 4,=
>
@
i+w,
2
j+w,

2
Li  A 
 dqg  @ 
 / wkhq { xqlirupo| grplqdwhv | rq doo ri +4> 4,1 Pruh jhqhudoo|/
{ zloo xqlirupo| grplqdwh | rq wkh lqwhuydo lqfoxglqj doo w vxfk wkdw
w



w
 2 ? 2 2
2






dqg | zloo xqlirupo| grplqdwh { rq wkh frpsohphqwdu| lqwhuydo1 Wkxv li  2 ? 
2/
wkhq { xqlirupo| grplqdwhv | rq wkh orzhu wdlo/ dqg | xqlirupo| grplqdwhv { rq wkh
xsshu wdlo1
Dqrwkhu lqvwdqfh ri xqlirup grplqdwlrq rffxuv zkhq dq h{dp kdv n lqghshq0
ghqw txhvwlrqv/ dqg d vwxghqw kdv d suredelolw| s ri jhwwlqj dq| dqvzhu fruuhfw1 Li
dqrwkhu vwxghqw lqghshqghqwo| kdv suredelolw| t ri jhwwlqj hdfk txhvwlrq uljkw/ wkhq
wkh olnholkrrg udwlr frqglwlrq uhgxfhv wr:
s
t

4s
4t
Dv zh phqwlrqhg hduolhu/ xqlirup grplqdqfh fdq eh dssolhg wr sduwlwlrqv1 Iru
h{dpsoh/ ohw S eh shuihfwo| qh rq +4> d,/ dqg rq ^e> 4,/ dqg ohw ^d> e, eh d +pdvnhg,
fhoo lq S1 Ohw i dqg j eh frqwlqxrxv/ srvlwlyh ixqfwlrqv rq +4> 4,1 Zkdw grhv
lw phdq iru i @j wr eh lqfuhdvlqj rq SB Ghqh ia+{,  i+{, dqg ja+{,  j+{, iru doo
{ 5 +4> d, ^ ^e> 4,1 Ghqh
] e
4
a
i +w,gw iru { 5 ^d> e,
i+{, @
ed d
] e
4
j+w,gw iru { 5 ^d> e,=
ja+{, @
ed d
Wkhq ia@a
j pxvw eh lqfuhdvlqj rq +4> 4,1
Zh duh qrz uhdg| wr vwdwh vrph wkhruhpv derxw wkh rswlpdo devroxwh judglqj
sduwlwlrq zkhq vwxghqwv kdyh frqglwlrqdoo| lqghshqghqw vfruhv1
Wkh skudvh Q llg vwxghqwv zkr fdq zrun ru vklun phdqv wkdw hdfk vwxghqw kdv
wzr hruw ohyhov/ dqg wkdw dvvxplqj dq| rqh vwxghqw vklunv zkloh wkh rwkhuv zrun/ kh
:

Wkh qrwlrq ri grplqdwlrq grhv qrw uho| rq lqghshqghqfh1 Iru h{dpsoh/ vxssrvh wkdw zlwk
suredelolw|  wkh wzr vwxghqwv kdyh fkdqfh s A t ri jhwwlqj hdfk txhvwlrq/ zkloh zlwk suredelolw|
 3  wkh| kdyh fkdqfh s2 A t2 ri jhwwlqj hdfk txhvwlrq> vwloo wkh vfruh ri wkh uvw vwxghqw zrxog
xqlirupo| grplqdwh wkdw ri wkh vhfrqg1 Wklv vxjjhvwv wkdw pxfk ri rxu dqdo|vlv fdq eh h{whqghg wr
qrqlqghshqghqw vfruhv/ exw zh kdyh qrw xqghuwdnhq wklv h{whqvlrq khuh1

4<

kdv vfruh {O zkloh hdfk rwkhu vwxghqw n kdv dq lqghshqghqw vfruh {n  {K 1 +Khuh
 ghqrwhv lghqwlfdo glvwulexwlrq1, Lq wklv vfhqdulr/ dq| judglqj sduwlwlrq fuhdwhv wkh
vdph lqfhqwlyh wr zrun iru doo vwxghqwv/ qdpho| wkh qhjdwlyh ri wkh h{shfwhg h{dp
vfruh ri wkh vklunhu1 Wkxv lw ehfrphv hdvlhu wr h{dplqh wkh jhqhudo vwuxfwxuh ri
rswlpdo sduwlwlrqv wkdq lq wkh glvsdudwh fdvh +zkhuh dq lqfuhdvh lq wkh lqfhqwlyh ri
rqh vwxghqw pljkw frph dw wkh frvw ri d ghfuhdvh iru dqrwkhu,1
Zh ehjlq e| vwdwlqj frqglwlrqv xqghu zklfk d fhoo ^d> e, vkrxog qrw eh fxw e| dq|
rswlpdo sduwlwlrq1
Wkhruhp 4 +Frduvhqhvv lq wkh Rswlpdo Judglqj,= Ohw wkhuh eh Q llg vwxghqwv
zkr fdq zrun ru vklun1 Vxssrvh wkdw rq vrph lqwhuydo ^d> e,/ {O xqlirupo| grplqdwhv
{K 1 Wkhq iru dq| sduwlwlrq S wkdw fxwv ^d> e,/ wkhuh lv dqrwkhu sduwlwlrq S W wkdw jlyhv
dw ohdvw dv pxfk lqfhqwlyh wr zrun zlwkrxw fxwwlqj ^d> e,1 Li {O vwulfwo| xqlirupo|
grplqdwhv {K rq ^d> e,/ wkhq hyhu| rswlpdo judglqj sduwlwlrq lv shuihfwo| frduvh rq
^d> e,1
Surri= Frqvlghu wkh iroorzlqj slfwxuh=

α

a

θ

b

β

Iljxuh ;1 Fxwwlqj +d> e, dw 
Ohw S eh d sduwlwlrq wkdw fxwv ^d> e, mxvw rqfh/ wkdw lv/ vxssrvh wkdw  5 +d> e,/
dqg wkdw ^> , 5 S dqg ^> , 5 S/ zkhuh   d ?  ? e  1 +Wkh fdvhv zkhuh
wkh forvhg hqg frphv rq wkh uljkw lqvwhdg ri wkh ohiw duh kdqgohg wkh vdph zd|1, Iru
wkh uhvw ri wkh surri doo suredelolwlhv zloo eh wdnhq frqglwlrqdo rq {O dqg {K ehlqj
lq ^> `1 Iru hdvh ri qrwdwlrq/ zh vxssuhvv wklv frqglwlrqdolw|1 Wkxv zkhq zh zulwh
S +{O 5 ^d> e,,/ zh uhdoo| phdq S +{O 5 ^d> e,,@S +{O 5 ^> ,,/ hwf1
Iurp wkh Fruroodu| wr Ohppd 4/ zh nqrz wkdw wkh h{shfwhg sd|r wr O lq S
+frqglwlrqdo rq erwk {O dqg {K lq ^> ,, lv
S +{O 5 ^> ,,  S +{K 5 ^> ,,=
Vxssrvh uvw wkdw S +{O 5 ^> e,,  S +{K 5 ^> e,,1 Wkhq
S +{O 5 ^e> ,,  S +{K 5 ^e> ,,
 S +{O 5 ^> ,,  S +{K 5 ^> ,,=
Lw iroorzv iurp wkh Fruroodu| wr Ohppd 4 wkdw wkh sduwlwlrq rewdlqhg iurp S e|
prylqj wkh fxw iurp  wr e +l1h1/ e| uhsodflqj ^> , dqg ^> , zlwk ^> e, dqg ^e> ,,
zhdno| orzhuv wkh h{shfwhg h{dp sd|r wr O/ zlwkrxw fxwwlqj ^d> e,/ dv zdv wr eh
suryhg1
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Vxssrvh rq wkh rwkhu kdqg wkdw S +{O 5 ^> e,, ? S +{K 5 ^> e,,1 Iurp wkh
grplqdqfh ri {O ryhu {K rq ^d> e,/ zh frqfoxgh wkdw S +{O 5 ^d> ,, ? S +{K 5 ^d> ,,1
Lw iroorzv lpphgldwho| wkdw
S +{O 5 ^d> ,,  S +{K 5 ^d> ,,
? S +{O 5 ^> ,,  S +{K 5 ^> ,,
vkrzlqj wkdw wkh sduwlwlrq rewdlqhg iurp S e| prylqj wkh fxw iurp  wr d +l1h1/
e| uhsodflqj ^> , dqg ^> , zlwk ^> d, dqg ^d> ,, orzhuv wkh h{shfwhg sd|r wr O/
zlwkrxw fxwwlqj ^d> e`/ dv zdv wr eh vkrzq1
Lw rqo| uhpdlqv wr frqvlghu wkh fdvh zkhuh S fxwv +d> e, pxowlsoh wlphv1 Li wkhuh
duh d qlwh qxpehu ri fxwv/ wkdw fdvh fdq eh uhgxfhg wr wkh fdvh zkhuh +d> e, lv fxw
rqfh/ e| duelwudulo| fkrrvlqj dq| fxw  5 +d> e,/ dqg wkhq fkrrvlqj wkh kljkhvw fxw
f ?  dqg wkh orzhvw fxw g A / dqg uhsodflqj +d> e, zlwk +d> e,_+f> g,1 E| wkh xqlirup
grplqdqfh ri {O ryhu {K rq ^d> e,/ {O grplqdwhv {K rq ^d> e, _ ^f> g,1 Wkh vdph surri
fdq wkhq eh uhshdwhg1 Wklv uhgxfhv wkh qxpehu ri fxwv e| 41 Wkh uhgxfwlrq fdq wkhq
eh lwhudwhg1
Ilqdoo|/ vxssrvh wkhuh lv d vxelqwhuydo ^f> g,  ^d> e, rq zklfk S lv shuihfwo| qh1
Fkdqjh S wr S W e| frpsohwho| pdvnlqj ^f> g,1 Vlqfh {O grplqdwhv {K rq ^f> g,/ wklv
pdvnlqj fdq rqo| +zhdno|, orzhu wkh h{shfwhg h{dp sd|r wr O1 Lq wklv zd| zh
uhgxfh wkh sureohp wr qlwho| pdq| fxwv1 Wklv suryhv wkh uvw fodlp ri wkh wkhruhp1
Wkh vhfrqg fodlp lv suryhg wkh vdph zd|1

Wkhruhp 4 vkrzv wkdw li zrun ohdgv wr d qrupdo glvwulexwlrq Q+> , ri vfruhv/
dqg vklun ohdgv wr Q+
> 
 ,/ zkhuh  9@ 
 / wkhq rqh wdlo ri vfruhv zloo eh frpsohwho|
pdvnhg lq dq rswlpdo sduwlwlrq1
Wkhruhp 4 ohdgv wr d vx!flhqw frqglwlrq iru wkh rswlpdolw| ri d sduwlwlrq S1
Wkhruhp 5 +Xqlirup Grplqdwlrq Lpsolhv Rswlpdolw|,= Ohw wkhuh eh Q llg
vwxghqwv zkr fdq zrun ru vklun1 Ohw S eh d sduwlwlrq vxfk wkdw iru hyhu| fhoo ^d> e, 5 S/
{O (X {K rq ^d> e,/ dqg vxfk wkdw {K (X {O rq wkh wrwdoo| rughuhg vhw S1 Wkhq S
lv rswlpdo1
Surri= Vxssrvh S  grhv ehwwhu wkdq S1 Iurp Wkhruhp 4/ zh nqrz wkdw wkhuh lv
S  wkdw grhv dw ohdvw dv zhoo dv S  / dqg zklfk grhv qrw fxw dq| fhoo lq S1 Exw hyhu|
fhoo lq S  lv uhqhg e| fhoov lq S1 Vlqfh {K (X {O rq S/ lw iroorzv wkdw wkh sd|r wr

{O lv zhdno| orzhu lq S wkdq lq S  / d frqwudglfwlrq1
Vxssrvh wkdw doo vwxghqwv duh h{ dqwh lghqwlfdo/ zlwk lqghshqghqw/ dqg qrupdoo|
glvwulexwhg h{dp vfruhv1 Li kdug zrun udlvhv d vwxghqw*v h{shfwhg h{dp vfruh/ zlwkrxw
fkdqjlqj lwv yduldqfh/ wkhq Wkhruhp 5 lpsolhv wkdw dq rswlpdo judglqj vfkhph lv wr
srvw wkh h{dfw vfruhv1
Vlploduo|/ li wkh N h{dp txhvwlrqv duh lghqwlfdo/ lqghshqghqw wuldov/ dqg li kdug
zrun doorzv d vwxghqw wr udlvh klv suredelolw| ri jhwwlqj hdfk dqvzhu uljkw/ wkhq djdlq
dq rswlpdo judglqj vfkhph lv wr uhyhdo wkh h{dfw vfruhv1
54

Exw frqvlghu wkh ohdglqj h{dpsoh ri wklv vhfwlrq1 Wkhuh zh irxqg wkdw jlylqj mxvw
wzr judghv/ D dqg E/ lpsuryhg lqfhqwlyhv eh|rqg zkdw frxog eh dfklhyhg e| ixoo|
uhyhdolqj wkh vfruhv1 Wkhruhp 5 jxdudqwhhv wkdw wklv lv lqghhg dq rswlpdo sduwlwlrq1
Lqvlgh wkh fhoo ^3> 83,/ {K kdv suredelolw| }hur/ vr {O wulyldoo| xqlirupo| grplqdwhv
lw1 Lqvlgh wkh rwkhu fhoo ^83> 433,/ i+w,@j+w, @ 5@5w @ 4@w lv vwulfwo| idoolqj/ vr e|
Ohppd 6/ {O xqlirupo| grplqdwhv {K 1 Dfurvv fhoov zh fdq fkhfn wkdw {K xqlirupo|
a @ 3/
grplqdwhv {O 1 Rq ^3> 83,/ zh fdq ghqh wkh hhfwlyh ghqvlw| ri d zrunhu dv i+w,
dqg wkdw ri d vklunhu dv ja+w, @ =81 Rq ^83> 433, wkh hhfwlyh ghqvlwlhv ehfrph ia+w, @ 5
a j +w, lv lqfuhdvlqj1 Qrz zh fdq dsso| Wkhruhp 51
dqg ja+w, @ 4=81 Fohduo| i+w,@a
Lq rxu qh{w wkhruhp zh ghvfuleh qhfhvvdu| frqglwlrqv iru d sduwlwlrq wr eh rswlpdo/
zkhq djhqwv duh krprjhqhrxv1 Wkh rxwvlgh frqglwlrq/ wkdw {K (X {O rq S/ lv wkh
vdph dv wkh vx!flhqw rxwvlgh frqglwlrq dsshdulqj lq Wkhruhp 51 Exw wkh lqvlgh
frqglwlrq {O ( {K rq hdfk fhoo ^d> e, lq S lv zhdnhu wkdq wkh vx!flhqw lqvlgh
frqglwlrq {O (X {K dsshdulqj lq Wkhruhp 51
Wkhruhp 6 +Rswlpdolw| Lpsolhv Grplqdwlrq,= Ohw wkhuh eh Q llg vwxghqwv
zkr fdq zrun ru vklun1 Ohw S eh dq rswlpdo devroxwh judglqj sduwlwlrq1 Wkhq iru dq|
fhoo ^d> e, 5 S/ {O ( {K rq ^d> e,1 Ixuwkhupruh/ li h{dp shuirupdqfhv duh uhjxodu/
wkhq {K (X {O rq wkh wrwdoo| rughuhg vhw S1
Surri= Frqvlghu dq| fhoo ^d> e, lq S vxfk wkdw S +{O 5 ^d> e,,S +{K 5 ^d> e,, A 31
Vxssrvh wkhuh lv vrph  5 ^d> e, zlwk
S +{O 5 ^> e,, S +{K 5 ^> e,,

? 3=
S +{O 5 ^d> e,, S +{K 5 ^d> e,,

Fkdqjh S wr S W e| uhsodflqj ^d> e, zlwk ^d> , dqg ^> e,1 E| wkh Fruroodu| wr Ohppd
4/ wklv pxvw orzhu wkh h{shfwhg h{dp sd|r wr wkh vklunhu djdlqvw hdfk zrunhu1 Exw
wklv phdqv wkdw S W lv d ehwwhu sduwlwlrq wkdq S/ d frqwudglfwlrq surylqj wkdw {O ( {K
rq ^d> e,1
Vxssrvh qrz wkdw wkh shuirupdqfhv duh uhjxodu1 Frqvlghu wzr frqvhfxwlyh fhoov
^d> e, dqg ^e> f, lq S zkrvh xqlrq +d> e`^+e> f` kdv srvlwlyh suredelolw| ri ehlqj uhdfkhg
e| erwk {O dqg {K 1 Wkhq lw lv fohdu iurp wkh Fruroodu| wr Ohppd 4 wkdw
S +{O 5 ^e> f,,
S +{K 5 ^e> f,,

>
S +{K 5 ^d> f,,
S +{O 5 ^d> f,,
rwkhuzlvh wkh sduwlwlrq S W rewdlqhg iurp S e| uhsodflqj wkh wzr fhoov ^d> e, dqg ^e> f,
zlwk wkh vlqjoh fhoo ^d> f, zrxog orzhu wkh h{shfwhg h{dp vfruh wr O/ frqwudglfwlqj wkh
rswlpdolw| ri S1
Iluvw frqvlghu wkh fdvh zkhuh wkh h{dp vfruh vsdfh lv glvfuhwh1 Zlwkrxw orvv ri
jhqhudolw|/ zh fdq gurs dq| vfruhv wkdw kdyh suredelolw| }hur ri ehlqj uhdfkhg e|
erwk {O dqg {K 1 Dovr zh fdq wkhq oxps wrjhwkhu lqwr d vlqjoh fhoo frqvhfxwlyh h{dp
vfruhv zklfk {O uhdfkhv zlwk }hur suredelolw|1 Wkh vdph fdq wkhuhdiwhu eh grqh iru
frqvhfxwlyh vfruhv wkdw {K uhdfkhv zlwk }hur suredelolw|1 Qrz wkh dujxphqw ri wkh
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suhylrxv sdudjudsk vkrzv wkdw wkh olnholkrrg udwlr surshuw| pxvw krog iru wkh fhoov
ri S surylqj +e| Ohppd 6, wkdw {K (X {O rq S lq wkh glvfuhwh fdvh1
Dv iru wkh frqwlqxrxv fdvh/ wkh sduwlwlrq S pxvw frqvlvw ri glvfuhwh lqwhuydov/ hdfk
ri zklfk lv frpsohwho| qh ru frpsohwho| pdvnhg1 Wklqnlqj ri wkh pdvnhg lqwhuydov
dv vlqjoh srlqwv/ wkh surri surfhhgv h{dfwo| dv deryh iru frqvhfxwlyh pdvnhg lqwhuydov1
Lw uhpdlqv wr frqvlghu dq lqwhuydo ^d> e, rq zklfk S lv frpsohwho| qh1 Ohw iK eh
wkh +glhuhqwldeoh, ghqvlw| iru {K / dqg ohw iO eh wkh +glhuhqwldeoh, ghqvlw| iru {O 1
Zh fodlp iK @iO pxvw kdyh qrqqhjdwlyh ghulydwlyh/ dqg wkxv eh zhdno| lqfuhdvlqj/
rq doo ri ^d> e,1 Li wkh ghulydwlyh lv qhjdwlyh vrphzkhuh lq ^d> e, wkhq/ rq vrph vpdoo
vxelqwhuydo +> ,  ^d> e,/ iK @iO pxvw eh vwulfwo| ghfuhdvlqj1 Exw wkdw lpphgldwho|
lpsolhv wkdw frqglwlrqdo rq {K 5 ^> , dqg {O 5 ^> ,/ {O lv pruh olnho| wr frph
dkhdg ri {K wkdq ehklqg1 Prgli|lqj S wr S W e| frpsohwho| pdvnlqj ^> , jlyhv
+e| wkh Fruroodu| wr Ohppd 4, d orzhu h{shfwhg h{dp sd|r wr O/ frqwudglfwlqj wkh
rswlpdolw| ri S1 Wkxv wkh olnholkrrg udwlr surshuo| krogv rq frpsohwho| qh lqwhuydov1
Ilqdoo|/ iru hdfk pdvnhg lqwhuydo +f> g` lq S/ frqvlghu wkh svhxgr ghqvlw| iaK @
S +{K 5 ^f> g,,@+g  f, dqg iaO @ S +{O 5 ^f> g,,@+g  f,1 Zh vkdoo qrz vkrz wkdw dw
dq| fxw  ehwzhhq d frpsohwho| qh lqwhuydo ^d> , dqg d frpsohwho| pdvnhg lqwhuydo
^> e, lq S/ iK +,@iO +,  iaK +,@iaO +,1 Li qrw/ zh vkdoo vkrz wkdw wkh sduwlwlrq S W
rewdlqhg iurp S e| voljkwo| h{sdqglqj wkh pdvnhg lqwhuydo ^> e, wr ^  %> e, orzhuv
wkh h{shfwhg h{dp sd|r wr O1
Lqghhg/ wkh fkdqjh lq h{shfwhg sd|r wr O lv
S +{K 5 ^> e,,S +  %  {O ? ,  S +{O 5 ^> e,,S +  %  {K ? ,
. S +  %  {K ? ,S +  %  {O ? ,^S +{K A {O m  %  {O > {K ? ,
 S +{O A {K m  %  {O > {K ? ,`=
Revhuyh wkdw wkh wklug whup jrhv wr }hur dv %2 zkhq % $ 3/ zkhuhdv wkh uvw wzr
whupv duh ri wkh rughu ri %1 Dv % $ 3/ S +  %  {K ? , frqyhujhv wr %iK +,/ dqg
S +  %  {O ? , frqyhujhv wr %iO +,1 Wkxv li iK +,@iO +, A iaK +,@iaO +,/ wkhq wkh
uvw wzr whupv dgg wr ohvv wkdq }hur1 Wklv vkrzv wkdw wkh h{wud pdvnlqj rewdlqhg e|
orzhulqj wkh fxw  wr   % uhgxfhv wkh h{shfwhg h{dp sd|r wr O/ frqwudglfwlqj wkh
rswlpdolw| ri S1
Wkxv zh kdyh suryhg wkdw wkh svhxgr ghqvlwlhv iK dqg iO +ghqhg e| i rq
shuihfwo| qh lqwhuydov lq S dqg e| ia iru pdvnhg lqwhuydov, vdwlvi| wkh olnholkrrg udwlr

grplqdqfh ri iK ryhu iO 1 Dsso|lqj Ohppd 6 suryhv wkh wkhruhp1
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Khwhurjhqhrxv Vwxghqwv

Frqvlghu qrz wkh vlwxdwlrq lq zklfk vwxghqwv duh qhlwkhu lghqwlfdo qru glvsdudwh1 Wr
eh frqfuhwh/ vxssrvh wkdw dq h{dp frqvlvwv ri N txhvwlrqv1 Hdfk vwxghqw q @ 4> ===> Q
zkr zrunv kdv d suredelolw| sq ri jhwwlqj dq| txhvwlrq uljkw/ zkhuh dqvzhuv duh
lqghshqghqw dfurvv vwxghqwv dqg txhvwlrqv1 Vxssrvh wkdw li q vklunv wklv suredelolw|
gursv wr sq3 zkhuh 3 @ sf ? s ? s2 ?    ? sQ @ 4/ dqg sq  sq3 @ 4@Q iru doo
q1
56

Zh kdyh vhhq wkdw zrunlqj jlyhv hdfk vwxghqw dq h{dp shuirupdqfh wkdw xql0
irupo| grplqdwhv klv shuirupdqfh iurp vklunlqj1 Zhuh doo wkh vwxghqwv lghqwlfdo +vd|
sq +zrun, @ 4@5 iru doo q/ dqg sq +vklun, ? 4@5 iru doo q, wkhq wkh rswlpdo judglqj
sduwlwlrq zrxog eh shuihfwo| qh/ e| Wkhruhp 51 Exw rq dffrxqw ri wkh khwhurjhqhlw|/
hdfk vwxghqw pxvw frpshwh zlwk wkh shuirupdqfh ri rwkhu vwxghqwv zkr duh qrw olnh
klp1
D vwdqgdug yduldqw ri wkh fhqwudo olplw wkhruhp vkrzv wkdw dv Q jhwv odujh/ wkh
fodvv shuirupdqfh frqyhujhv wr wkh glvwulexwlrq jlyhq e| s @ 4@51 Iru sq qhdu 3
+dqg sq qhdu 4,/ d vwxghqw q zloo doprvw vxuho| qlvk qhdu wkh erwwrp +qhdu wkh
wrs, zkhwkhu ru qrw kh zrunv1 Wkxv zlwk shuihfwo| qh judglqj wkh ehvw dqg zruvw
vwxghqwv kdyh olwwoh lqfhqwlyh wr zrun1 Wkh lqwhuhvwlqj wklqj lv wkdw frduvh judglqj zloo
lqfuhdvh wkhlu lqfhqwlyh wr zrun1 Vlqfh vwxghqwv lq wkh plggoh zlwk sq qhdu 425 fdq
vxusdvv d odujh qxpehu ri rwkhuv e| vzlwfklqj iurp vklun wr zrun/ wkh| douhdg| kdyh
kxjh lqfhqwlyhv wr zrun1 Hyhq li frduvh judglqj glplqlvkhv wkh plggolqj vwxghqwv*
lqfhqwlyhv/ lw lv vwloo wkh prvw hhfwlyh ghylfh wr lqfhqwlyl}h doo vwxghqwv wr zrun/ l1h1/
wr pd{lpl}h wkh plqlpxp lqfhqwlyh1
Zh looxvwudwh wklv e| frqvlghulqj wkh fdvh zkhuh N @ 59 dqg Q @ 431 Zh vlpxodwh
wkh vlwxdwlrq zlwk 52S @ 9:> 43;> ;97 vwxghqwv1 Lq Wdeoh E zh uhsruw wkh h{shfwhg
h{dp sd|rv iru delolw| ohyhov s @ =4> =5> ===> =</ zkr zrun/ zkhq vfruhv duh sduwlwlrqhg
lqwr judghv i^3> j,> ^j> 5j,> ===> ^uj> 5:,j/ zkhuh uj  59 ? +u . 4,j/ iru j @ 4> ===> <1
Kljkhu j fruuhvsrqgv wr frduvhu sduwlwlrqv1 Iru j @ 4 zh jhw wkh shuihfwo| qh
sduwlwlrq zkhuh doo vfruhv duh uhsruwhg1 Iru j @ </ wkh judglqj sduwlwlrq fruuhvsrqgv
wr mxvw wkuhh judghv i^3> <,> ^<> 4;,> ^4;> 5:,j1 Qrwh wkdw orz0delolw| w|shv jhw yhu| orz
h{shfwhg h{dp sd|rv/ orvlqj wr qhduo| hyhu|rqh lq wkh fodvv1
Lq Wdeoh F zh jlyh wkh lqfhqwlyhv wr zrun/ rewdlqhg iurp Wdeoh E e| vxewudfwlqj
h{shfwhg h{dp sd|rv iru sq3 iurp h{shfwhg h{dp sd|rv iru sq 1 Qrwlfh krz
frduvhqlqj wkh sduwlwlrq khosv doo wkh yhu| edg dqg yhu| jrrg vwxghqwv1
Ilqdoo|/ lq Wdeoh G zh frpsduh wkh lqfhqwlyhv iurp wkh sduwlwlrq j @ < wkdw jlyhv
mxvw wkuhh judghv wr wkh qh sduwlwlrq j @ 4 wkdw uhsruwv vfruhv h{dfwo|1 Hyhu|erg|
h{fhsw wkh plggolqj vwxghqwv s @ =8 dqg s @ =9 kdyh kljkhu lqfhqwlyhv wr zrun iurp
frduvh judglqj1 Wkh pd{lplq lv dovr kljkhu iru j @ < wkdq iru j @ 41
TABLE B. Expected Exam Payoffs

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

1
-67060341.99
-65768474.36
-57811907.91
-35591919.04
0
35591919.04
57811907.91
65768474.36
67060341.99

2
-67027557.41
-65404074.77
-56765291.46
-34470982.35
0
34470982.29
56765291.32
65404074.52
67027557.12

3
-66954572.62
-64749982.27
-55061210.25
-32739333.56
0
32739333.56
55061210.25
64749982.27
66954572.62

Size of partition cells
4
5
6
-66798284.52 -66452484.31 -66279793.62
-63751432.39 -62476223.82 -58974576.83
-52705913.55 -50553306.28 -47476806.64
-30669192.43 -27533025.36 -27565352.02
0
0
0
30546272.77 28812711.55 23743732.17
52885114.95 49945236.31 46357223.89
63667698.85 61935421.24 61917720.25
66823769.13 66651744.43 65837255.16
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7
-66334980.98
-56995198.89
-38901651.72
-22987902.24
0
25973646.66
41579600.03
55004931.85
65894986.17

8
9
-65969700.87 -64533683.04
-58766361.91 -60749201.08
-35793564.73 -40511823.36
-15390212.32
-14405734.5
0
0
24445855.03
14405734.5
47925472.56 40511823.36
56537217.42 60749201.08
61737403.64 64533683.04

TABLE C. Incentives
High
ability
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

1
1291868
7956566
22219989
35591919
35591919
22219989
7956566
1291868

2
1623483
8638783
22294309
34470982
34470982
22294309
8638783
1623483

3
2204590
9688772
22321877
32739334
32739334
22321877
9688772
2204590

Size of partition cells
4
5
6
3046852 3976260 7305217
11045519 11922918 11497770
22036721 23020281 19911455
30669192 27533025 27565352
30546273 28812712 23743732
22338842 21132525 22613492
10782584 11990185 15560496
3156070 4716323 3919535

7
9339782
18093547
15913749
22987902
25973647
15605953
13425332
10890054

8
7203339
22972797
20403352
15390212
24445855
23479618
8611745
5200186

9
3784482
20237378
26106089
14405735
14405735
26106089
20237378
3784482

TABLE D. Advantage of Coarse Grading

p = .2
p = .3
p = .4
p = .5
p = .6
p = .7
p = .8
p = .9

9

Incentives
from
g=9
3784481.96
20237377.72
26106088.86
14405734.5
14405734.5
26106088.86
20237377.72
3784481.96

Incentives from
fine partition
g=1
1291867.625
7956566.455
22219988.87
35591919.04
35591919.04
22219988.87
7956566.455
1291867.625

Judglqj rq d Fxuyh

Zh kdyh dvvxphg wkdw vwxghqwv fduh rqo| derxw wkhlu uhodwlyh judgh1 Lw zrxog vhhp
wkhuhiruh wkdw uhodwlyh judglqj/ l1h1/ judglqj rq d fxuyh/ zrxog surylgh wkh ehvw lq0
fhqwlyhv1 Exw lq idfw wkh frqwudu| lv wuxh1 Zh vkdoo suryh wkdw zkhq doo wkh vwxghqwv
duh h{ dqwh lghqwlfdo/ lw lv dozd|v ehwwhu wr judgh dffruglqj wr dq devroxwh vfdoh1
Ehiruh wxuqlqj wr wkh fdvh ri krprjhqhrxv vwxghqwv/ uhfdoo wkh prgho ri glvsdudwh
vwxghqwv ghvfulehg lq Vhfwlrq 61 Zlwk rqh zhdn vwxghqw dqg rqh vwurqj vwxghqw/
judglqj rq d fxuyh surylghv qr lqfhqwlyh zkdwvrhyhu1 +Hlwkhu erwk jhw D/ ru hovh wkh
vwurqj dozd|v jhwv D dqg wkh zhdn dozd|v jhwv E1, Zkhq wkhuh duh wzr  vwxghqwv
dqg wzr  vwxghqwv/ lw lv fohdu wkdw wkh rswlpdo zd| wr judgh rq d fxuyhv lv wr ghfoduh
wkh wrs vwxghqw dq D/ wkh qh{w wzr d E dqg wkh odvw d F1 Wklv jhqhudwhv lqfhqwlyhv
6@5 @ +4@5,6 . +4@5,3  3 iru hdfk 0vwxghqw dqg 6@5 @ +4@5,3 . +4@5,+6,  +6,
iru hdfk 0vwxghqw1
Wkxv devroxwh judglqj vwulfwo| grplqdwhv judglqj rq d fxuyh/ vlqfh zh vkrzhg
hduolhu lq Vhfwlrq 61414 wkdw devroxwh judglqj zlwk sW @ 6@8 jlyhv lqfhqwlyhv ri <28
wr hyhu| vwxghqw1 Lw lv dovr zruwk qrwlqj wkdw/ hyhq li rqh zhuh uhvwulfwhg wr judglqj
rq d fxuyh/ frduvh judglqj +dv deryh, zrxog eh ehwwhu wkdq qh/ vlqfh qh jhqhudwhv
rqo| wkh lqfhqwlyh ri 4 iru erwk vwxghqw0w|shv1
Frqvlghu rxu ohdglqj h{dpsoh ri krprjhqhrxv vwxghqwv iurp Vhfwlrq 7/ lq zklfk
d kdug zrunlqj vwxghqw zloo jhw d vfruh xqlirupo| glvwulexwhg ehwzhhq 83 dqg 433/
dqg wkh ghqvlw| ri d vklunhu*v vfruh lv 5{1 Wkh rswlpdo devroxwh judglqj v|vwhp lv
wr jlyh D iru vfruhv lq ^83> 433, dqg E iru vfruhv lq +3> 83,1 Zlwk wkuhh vwxghqwv zh
frpsxwhg wkdw wkh lqfhqwlyh wr zrun lv +6  4,+4@7, @ 4@51
Qrz frqvlghu judglqj rq d fxuyh1 Jlylqj hyhu|erg| dq D surylghv qr lqfhqwlyh dw
doo1 Jlylqj wkuhh judghv lv mxvw olnh wkh shuihfwo| qh sduwlwlrq zlwk devroxwh judglqj
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dqg lv wkhuhiruh qrw dv jrrg dv wkh rswlpdo sduwlwlrq +^3> 83,> ^83> 433,,1 +Lqghhg zh
frpsxwhg wkdw qh judglqj jdyh lqfhqwlyh 426,1
Lw fdq eh fkhfnhg wkdw zlwk d fxuyh wkdw jlyhv wzr E*v dqg rqh D/ wkh lqfhqwlyh
wr zrun lv <<@657 ? 4@5/ zkloh zlwk d fxuyh wkdw jlyhv rqh E dqg wzr D*v lw lv
96@657 ? 4@51
Qrqh ri wkh srvvleoh judglqj fxuyhv |lhogv lqfhqwlyhv dv kljk dv devroxwh judglqj1
Zh qrz hvwdeolvk wkh vdph frqfoxvlrq lq wkh jhqhudo fdvh ri Q lqghshqghqw/ h{ dqwh
lghqwlfdo vwxghqwv1 Exw uvw zh hvwdeolvk wkuhh pruh ohppdv1
Ohppd 7= Ghqrwh vfruhv lq ^> 4, dv D1 Vxssrvh Q  4 vwxghqwv zrun kdug/ dqg
hdfk kdv suredelolw| sJ ri jhwwlqj dq D/ zkloh rqh vwxghqw vklunv dqg kdv suredelolw|
sE  sJ ri jhwwlqj dq D1 Vxssrvh doo vfruhv duh lqghshqghqw1 Li h{dfwo| N vwxghqwv
zlqg xs zlwk D/ wkh frqglwlrqdo suredelolw| wkdw wkh vklunhu jrw D lv dw prvw N@Q/
zkloh wkh suredelolw| dq| kdug zrunhu jrw D lv dw ohdvw N@Q1
Surri= Wkh frqglwlrqdo suredelolw| wkh vklunhu jrw D lv


Q 4
3
Q 3N
sN
sE
J +4  sJ ,
N 4




Q 4
Q

4
N
3

sJ +4  sJ ,Q 3N . +4  sE ,
sE
sN
J +4  sJ ,Q 3N 3
N 4
N
zklfk lv vwulfwo| prqrwrqlfdoo| lqfuhdvlqj lq sE +dv fdq hdvlo| eh vhhq e| glylglqj
qxphudwru dqg ghqrplqdwru e| +4  sE ,,1 Exw zkhq sE @ sJ / v|pphwu| lpsolhv
wkdw wkh h{suhvvlrq pxvw eh h{dfwo| N@Q1 Khqfh wkh suredelolw| wkh vklunhu jrw D lv
dw prvw N@Q1 Vlqfh h{dfwo| wkh sursruwlrq N@Q vwxghqwv glg jhw D/ wkh suredelolw|
ri wkh jrrg vwxghqwv jhwwlqj D pxvw wkhq eh dw ohdvw N@Q1

Ohppd 8= Vxssrvh Q  4 vwxghqwv zrun kdug/ dqg kdyh l1l1g1 suredelolwlhv s @
+sD > sE > ===> s] , ri jhwwlqj devroxwh judghv D> E> ===> ]/ zkloh rqh vklunhu kdv lqghshq0
ghqw suredelolwlhv t @ +tD > tE > ===> t] ,1 Vxssrvh s xqlirupo| grplqdwhv t1 Li h{dfwo|
 @ +D > E > ===> ] , vwxghqwv zlqg xs zlwk judghv +D> E> ===> ],/ wkhq wkh srvwhulru
suredelolw| glvwulexwlrq sa @ +a
sD > saE > ===> sa] , ri d kdug zrunlqj vwxghqw jhwwlqj judghv
D> E> ===> ] xqlirupo| grplqdwhv wkh srvwhulru suredelolwlhv ta @ +a
tD > taE > ===> ta] , ri wkh
vklunhu1
Surri= Vlpso| dsso| wkh suhylrxv ohppd uhshdwhgo|1 D sduwlwlrq lqwr q fhoov fdq
dozd|v eh rewdlqhg e| uhshdwhg fxwv ri fhoov lqwr } slhfhv1

Ohppd 9= Ohw wkhuh eh Q llg vwxghqwv zkr fdq zrun ru vklun1 Vxssrvh S W lv
dq rswlpdo devroxwh judglqj sduwlwlrq/ jlylqj wkh kljkhvw srvvleoh lqfhqwlyh wr zrun1
Vxssrvh rqh vwxghqw vklunv zkloh wkh rwkhuv zrun kdug1 Wkhq frqglwlrqdo rq dq|
glvwulexwlrq ri devroxwh h{dp judghv jlyhq e| S W / wkh h{shfwhg h{dp sd|r wr wkh
vklunhu lv dw prvw }hur1
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Surri= Li S W lv rswlpdo/ wkhq e| Ohppd 4/ wkh h{ dqwh suredelolw| s @ +sD > sE > ===> s] ,
ri d kdug zrunlqj vwxghqw jhwwlqj judghv D> E> ===> ] pxvw xqlirupo| grplqdwhv wkh
h{ dqwh suredelolwlhv t @ +tD > tE > ===> t] , ri wkh vklunhu1 E| wkh suhylrxv ohppd/ wkh
srvwhulru suredelolw| sa xqlirupo| grplqdwhv ta1 Vlqfh h{dp sd|rv duh prqrwrqlf lq
wkh judgh/ wkh srvwhulru h{shfwhg h{dp sd|r lv dw ohdvw dv kljk iru d kdug zrunhu dv
iru d vklunhu1 Vlqfh wrwdo h{dp sd|rv duh dozd|v }hur/ wkh srvwhulru h{shfwhg h{dp
sd|r ri wkh vklunhu soxv +Q  4, wlphv wkh srvwhulru h{shfwhg h{dp sd|r ri d kdug
zrunhu pxvw eh }hur1 Wkh frqfoxvlrq iroorzv1

Wkhruhp 7= Ohw wkhuh eh Q llg vwxghqwv zkr fdq zrun ru vklun1 Ohw doo wkhlu vfruhv
eh uhjxodu1 Wkhq rswlpdo devroxwh judglqj jlyhv dw ohdvw dv pxfk lqfhqwlyh iru kdug
zrun dv dq| judglqj rq d fxuyh1
Surri= Ohw S W eh dq rswlpdo devroxwh judglqj sduwlwlrq ri +4> 4,1 Ohw T eh dq|
sduwlwlrq ri fodvv udqn i4> 5> ===> mQmj/ uhsuhvhqwlqj dq duelwudu| judglqj rq d fxuyh1
Iru dq| srvvleoh h{dp vfruhv { @ +{q ,qMQ / zh fdq vshfli| dq devroxwh judgh
glvwulexwlrq e| frxqwlqj wkh qxpehu ri vwxghqwv zkr jhw D*v/ E*v/ dqg vr rq1 Fdoo
wklv wkh devroxwh judgh glvwulexwlrq +{, jhqhudwhg e| {1 Lw vx!fhv wr vkrz wkdw
frqglwlrqdo rq dq| judgh glvwulexwlrq / wkh h{shfwhg h{dp sd|r wr wkh vklunhu iurp
devroxwh judglqj lv qr kljkhu wkdq klv h{shfwhg sd|r iurp judglqj rq wkh fxuyh T1
D slfwxuh khosv wr foduli| wkh vlwxdwlrq1
γ

δ

C

β

α

A

B

Iljxuh <1 Devroxwh yv1 Uhodwlyh Judglqj
Lq wkh slfwxuh wkhuh duh 7 D*v/ 6 E*v/ dqg 6 F*v rq wkh devroxwh vfdoh1 Wkh uhodwlyh
vfdoh jlyhv judgh  wr wkh wrs vfruh/  wr vfruhv 5 dqg 6/  wr i7> 8> 9> :> ;> <j/ dqg  wr
wkh 43wk kljkhvw vfruh1 Zh pxvw vkrz wkdw wkh h{shfwhg vfruh ri wkh vklunhu lv zruvh
xqghu wkh devroxwh vfdoh S W / wkdq xqghu wkh uhodwlyh vfdoh T/ jlyhq wkdw dffruglqj wr
S W wkhuh zhuh 7 D*v/ 6 E*v/ dqg 6 F*v dzdughg1
Frqglwlrqdo rq wkh devroxwh judgh glvwulexwlrq / ohw sa eh wkh srvwhulru sured0
elolw| wkdw d zrunhu uhfhlyhv hdfk judgh/ dqg ohw ta eh wkh srvwhulru suredelolw| wkdw
wkh vklunhu uhfhlyhv hdfk judgh1 Iurp Wkhruhp 6/ Ohppd 6/ dqg Ohppd 8/ sa@a
t lv
lqfuhdvlqj dv zh jr xs wkh fhoov ri wkh rswlpdo sduwlwlrq S W 1
Ghqh wkh mrlq S W b T ri S W dqg T dv iroorzv= jlyhq vfruhv +{q ,qMQ / wkh h{dp
judgh iru {q lv vwulfwo| kljkhu dffruglqj wr S W b T wkdq wkh h{dp judgh iru {p l
hlwkhu wkh devroxwh ohwwhu judgh iru {q lv vwulfwo| kljkhu wkdq iru {p / ru wkh uhodwlyh
judgh iru {q lv vwulfwo| kljkhu wkdq iru {p 1 Lq wkh gldjudp wkdw lv dfklhyhg e| fxwwlqj
wkh judgh fhoo  lqwr wkuhh judghv +rqh  n / wkuhh / dqg wzr  3 , zkhuh lw lv lqwhuvhfwhg
e| S W 1
Zh zloo qrz dujxh wkdw li zh judgh dffruglqj wr wkh mrlq S W bT wkhq wkh h{shfwhg
h{dp sd|r ri wkh vklunhu lv qr pruh wkdq lw zdv lq T1 Li d uhodwlyh judgh/ vxfk dv 
5:

lq T/ lv uhqhg lq S W b T/ zh vkrz wkdw wkh h{shfwhg vfruh ri wkh vklunhu/ frqglwlrqdo
rq ehlqj lq  wr ehjlq zlwk/ pxvw jr grzq1 Vlqfh vsolwwlqj  grhv qrw dhfw vfruhv
djdlqvw vwxghqwv rxwvlgh / lw vx!fhv wr vkrz wkdw wkh h{shfwhg h{dp vfruh ri wkh
vklunhu djdlqvw wkh rwkhu vwxghqwv lq  pxvw eh ohvv wkdq }hur1
Ohw s +ru t, eh wkh suredelolwlhv ri d zrunhu +ru d vklunhu, jhwwlqj hdfk devroxwh
judgh/ frqglwlrqdo rq wkh judgh glvwulexwlrq  dqg wkh zrunhu +ru wkh vklunhu, ehlqj
lq 1 Li d sduwlwlrq fhoo +olnh E lq wkh h{dpsoh, lv frpsohwho| lqfoxghg lq / wkhq
saE S ^{O 5 m`
sE
=
@

tE
taE S ^{K 5 m`
Frqvlghu wkh erwwrp devroxwh judgh wkdw lqwhuvhfwv  +qdpho| F lq wkh h{dpsoh,1
Ehfdxvh wkh vklunhu vwrfkdvwlfdoo| grplqdwhv dq| zrunhu/ frqglwlrqdo rq wkhp erwk
jhwwlqj F/ dqg vlqfh  _ F lqfoxghv wkh wrs wdlo ri wkh F glvwulexwlrq/
sF
saF S ^{O 5 m`


=
tF
taF S ^{K 5 m`
Frqvlghu wkh wrs devroxwh judgh wkdw lqwhuvhfwv / qdpho| D lq wkh h{dpsoh1 Vlqfh
 _ D lqfoxghv wkh erwwrp wdlo ri wkh D glvwulexwlrq/
saD S ^{O 5 m`
sD


=
tD
taD S ^{K 5 m`
tF  saE @a
tE  saD @a
tD / lw iroorzv wkdw sF @
tF  sE @
tE  sD @
tD 1 Khqfh s
Vlqfh saF @a
xqlirupo| grplqdwhv t/ dqg vr wkh sd|r wr wkh vklunhu iurp S W b T pxvw eh zruvh
wkdq }hur djdlqvw d zrunhu/ frqglwlrqdo rq  dqg wkh vklunhu ehlqj lq 1
Wr frqfoxgh wkh surri/ zh qhhg rqo| vkrz wkdw wkh h{shfwhg h{dp sd|r ri wkh
vklunhu lq S W lv hyhq orzhu +zhdno|, wkdq klv h{shfwhg h{dp sd|r lq S W b T1 Wklv
iroorzv dw rqfh iurp wkh idfw +vhh Wkhruhp 4, wkdw frqglwlrqdo rq ehlqj lq d fhoo ri
S W / wkh vfruh ri wkh vklunhu grplqdwhv wkh vfruh ri d zrunhu1 Exw wkhq/ e| Ohppd 5/
dq| prqrwrqlf judglqj vfkhph zlwklq fhoov ri S W +dv kdsshqv lq S W b T, zloo zhdno|
lqfuhdvh wkh sd|r ri wkh vklunhu1


:

Plgwhupv

Wkh lqwurgxfwlrq ri plgwhupv ehiruh d qdo pdnhv lw hyhq pruh qhfhvvdu| wr kdyh
frduvh judglqj1
Wkh srlqw fdq eh hdvlo| vhhq yld rxu vlpsoh h{dpsoh +vhh Vhfwlrq 614, ri wzr
glvsdudwh vwxghqwv1 Vxssrvh wkdw wkh qdo kdv ehhq dvvljqhg d zhljkw ri 3 ?  ? 4/
vlqfh lw fryhuv d iudfwlrq  ri wkh frxuvh1 Wkhq lw lv qdwxudo wr dvvxph wkdw li d
vwxghqw q zrunv iru wkh qdo/ kh lqfxuv glvxwlolw| gq  +Kq  Oq , zkhq kh vzlwfkhv
iurp vklun wr zrun1 Wkh zhljkw rq wkh plgwhup lv 4   zlwk dvvrfldwhg glvxwlolw|
+4  ,gq 1
Zh lpdjlqh d wzr0shulrg jdph lq h{whqvlyh irup ehwzhhq wkh vwxghqwv1 Lq shulrg
4/ erwk vlpxowdqhrxvo| fkrrvh hruw ohyhov +zrun ru vklun, iru wkh plgwhup1 Wkhlu
5;

shuirupdqfh lv dv lq Iljxuh 41 Wkh vfruhv ri wkh plgwhup duh pdgh sxeolf/ l1h1/ hdfk
vwxghqw qgv rxw qrw rqo| klv rzq/ exw klv ulydo*v vfruh1 Wkhq wkh| hqwhu shulrg 5
dqg djdlq vlpxowdqhrxvo| fkrrvh hruw ohyhov iru wkh qdo1 Wkh shuirupdqfh lv rqfh
pruh jlyhq e| Iljxuh 41 +Lw lv lqghshqghqw ri sdvw klvwru| dqg ghshqgv rqo| rq wkh
fxuuhqw hruw ohyho1, Vxssrvh vwxghqwv fduh rqo| derxw wkhlu +uhodwlyh, judgh iru wkh
frxuvh1 Vxssrvh dovr wkdw wkh surihvvru zdqwv wkhp wr zrun iru erwk h{dpv1 Krz
vkrxog wkh wzr h{dp judghv eh frpelqhg lqwr d frxuvh judghB
Rqh frpprq sudfwlfh zrxog eh vlpso| wr dgg wkh plgwhup vfruh +pxowlsolhg e|
4  , wr wkh qdo h{dp vfruh +pxowlsolhg e| ,/ dqg wkhq wr dvvljq d ohwwhu judgh wr
wkh djjuhjdwh vfruh lq dffrugdqfh zlwk d sduwlwlrq S+s, +vhh Iljxuh 5,1
Zh vkdoo vhh wkdw zlwk vxfk d judglqj vfkhph/ lw lv riwhq qrw ihdvleoh wr lqfhqwlyl}h
erwk vwxghqwv wr zrun rq erwk h{dp xqghu doo flufxpvwdqfhv +l1h1/ dw doo lqirupdwlrq
vhwv ri wkh jdph wuhh,1
Exw li wkh plgwhup lv dovr mxvw jlyhq d ohwwhu judgh/ lqwhusuhwhg dv vrph uhsuhvhq0
wdwlyh vfruh rxw ri wkh fhoo lw vwrrg iru/ wkhq lw ehfrphv pxfk hdvlhu wr lqfhqwlyl}h
wkhp1
q @ ^dq > eq ` iru
Ohw xv wxuq wr d suhflvh fdofxodwlrq1 Ghqrwh MOq @ ^dqO > eqO ` dqg MK
K K
q
q
q
q @ >  lq Iljxuh 41 Dvvxph wkdw eO . +4  ,eK ? dK dqg +4  ,eqO . eqK ? dqK
q duh vx!flhqwo| vhsdudwhg vr wkdw/ li d vwxghqw
iru q @ > / l1h1/ wkh lqwhuydov MOq / MK
vklunv lq hlwkhu h{dp/ klv zhljkwhg dyhudjh fdqqrw eh lq klv xsshu lqwhuydo1
Vxssrvh wkh frxuvh judgh lv rewdlqhg e| dyhudjlqj wkh plgwhup vfruh +zhljkwhg
e| 4  , dqg wkh qdo vfruh +zhljkwhg e| ,/ dqg wkhq dvvljqlqj d ohwwhu judgh
dffruglqj wr wkh rog sduwlwlrq S+s,1
Vxssrvh erwk vwxghqwv kdyh zrunhg lq shulrg 4 dqg kdyh hqwhuhg shulrg 5 diwhu
revhuylqj wkh plgwhup qxphulfdo vfruhv1
Vxssrvh wkh jrrg vwxghqw  zdv oxfn| rq wkh plgwhup/ vfrulqj wkh pd{lpxp eK 1
Kh zloo jhw dq D iru wkh frxuvh li klv vfruh rq wkh qdo { vdwlvhv
+4  ,eK . {  +4  s,eK . sdK =
Li   s/ wklv zloo dozd|v krog/ surylghg wkdw  zrunv rq wkh qdo/ dqg  zloo
fhuwdlqo| jhw dq D iru wkh frxuvh1 Exw wkhq/ uhdol}lqj wkdw kh fdq qhyhu frph htxdo
zlwk /  zloo qrw erwkhu wr zrun dw doo vwxg|lqj iru wkh qdo1 Li  A s/ wkhq
wkh suredelolw| wkdw  jhwv dq D lv s@/ vlqfh wkh deryh lqhtxdolw| lv htxlydohqw wr
{  eK  s ^eK  dK `1 Khqfh *v lqfhqwlyh wr vwxg| iru wkh qdo +zklfk jxdudqwhhv
klp d E, lv +4  s , . s +4,  +4, @ 4  s 1 Wklv pxvw h{fhhg klv glvxwlolw| g / vr
zh rewdlq=
+7d,
s    2 g =

Lq wkh xqoxfn| plgwhup vfhqdulr iru / zkhq kh jhwv dK / zh pxvw kdyh  A 4  s/
rwkhuzlvh  zloo dedqgrq zrun rq wkh qdo1 Wkhq lw lv hdv| wr frpsxwh wkdw *v
lqfhqwlyh wr zrun rq wkh qdo lv 4  4@ . s@ zklfk pxvw h{fhhg g / jlylqj xv
s  2 g . 4  =

+7e,

+Qrwh wkdw/ vlqfh 3 ?  ? 4/ +7d, lpsolhv  A s dqg +7e, lpsolhv  A 4  s1, Wr
vxp xs= iru erwk vwxghqwv wr zrun iru wkh qdo h{dp/ qr pdwwhu krz wkh plgwhupv
5<

wxuqhg rxw/ lw lv qhfhvvdu| +dqg vx!flhqw, wkdw
s 5 ^2 g . 4  >   2 g `=

+8,

+Li zh wdnh wkh rshq lqwhuydo/ wkh| zloo vwulfwo| zdqw wr zrun1,
Fohduo| wkhuh lv qr vroxwlrq wr +8, li   4@51 Wklv vhhpv wr kdyh d frxqwhusduw
lq wkh uhdo zruog/ vlqfh lw lv txlwh xqfrpprq wr vhh d qdo zklfk fduulhv ohvv zhljkw
wkdq wkh plgwhup1
Lqghhg li g @ g  g/ wkhq +8, kdv d vroxwlrq l
52 g . 4 ? 5

+9,

vkrzlqj wkh qhhg wr zhljkw wkh qdo vx!flhqwo| pruh wkdq wkh plgwhup/ lq rughu wr
nhhs vwxghqwv iurp vklunlqj diwhu wkh plgwhup1
Wdnh  @ 3=9 dqg g @ 3=61 Wkhq/ e| +9,/ lw lv lpsrvvleoh wr lqfhqwlyl}h wkh vwxghqwv
wr zrun li plgwhup qxphulfdo vfruhv duh uhyhdohg1
Vxssrvh/ krzhyhu/ wkdw lqirupdwlrq lv frduvhqhg dw wklv lqwhulp vwdjh dqg rqo|
ohwwhu judghv duh dvvljqhg lq wkh plgwhup/ lq dffrugdqfh zlwk S+s, iru s @ 4@5/ dv lq
Iljxuh 51 Ixuwkhupruh vxssrvh lw lv dqqrxqfhg wkdw/ iru wkh sxusrvhv ri frpsxwlqj
wkh qdo zhljkwhg dyhudjh/ dq D lq wkh plgwhup zloo eh ylhzhg dv d vfruh ri +dK .
eK ,@5 dqg d E dv e dK . e eK +dqg F dv dO ,1 Zh vxeplw; wkdw lq wklv vfhqdulr erwk
vwxghqwv zloo eh gulyhq wr zrun +dqg ohdyh lw wr wkh uhdghu wr fkhfn lw,1

;

Jdphv ri Vwdwxv lq Rwkhu Vhwwlqjv= Dq Dssolfdwlrq wr
wkh Rswlpdo Zdjh Vwuxfwxuh

Vwdwxv0frqvflrxvqhvv lv zlgho| suhydohqw lq uhdo olih wkrxjk lw kdv qrw irxqg d sodfh
lq pxfk ri hfrqrplf wkhru|1 Wkh idfw wkdw shrsoh +xqolnh Urelqvrq Fuxvrh, fduh
qrw rqo| derxw wkhlu gluhfw frqvxpswlrq/ exw dovr derxw uhodwlyh frqvxpswlrq ylv0ä0
ylv rwkhuv ri wkhlu vrfldo jurxs/ lq sduwlfxodu derxw wkh kljkhu vwdwxv wkdw vxshulru
frqvxpswlrq eulqjv zlwk lw/ fdq kdyh surirxqg lpsolfdwlrqv iru wkhlu ehkdylru1 Zh
looxvwudwh wkh skhqrphqrq zlwk d vlpsoh h{dpsoh ri zdjh vhwwlqj1
Frqvlghu d sulqflsdo zkr zlvkhv wr kluh wzr djhqwv  dqg  wr zrun iru klp1 Dv
ehiruh  lv pruh vnloohg wkdq = lqghhg wkhlu shuirupdqfh lv dv lq Iljxuh 4/ zlwk
wkh h{dp vfruh qrz uhlqwhusuhwhg dv rxwsxw surgxfhg1 Wkh sulqflsdo*v sureohp lv
wr dqqrxqfh zdjhv dv d +zhdno|, prqrwrqlf ixqfwlrq ri rxwsxw vr dv wr lqgxfh erwk
djhqwv wr zrun kdug/ zkloh plqlpl}lqj klv wrwdo zdjh eloo1 Iru vlpsolflw| zh vxssrvh
wkdw qrw rqo| wkh sulqflsdo/ exw dovr wkh djhqwv/ duh ulvn0qhxwudo1 Hdfk djhqw lv
pruhryhu frqfhuqhg derxw zkhwkhu klv zdjh h{fhhgv wkdw ri wkh rwkhu/ l1h1/ derxw klv
vwdwxv1 Wkxv li  dqg  duh sdlg { dqg { uhvshfwlyho|/ wkhq q 5 i> j rewdlqv
xwlolw|
xq +{q > {p , @ {q .  vjqi{q  {p j
;


Qrz dvvxph/ lq dgglwlrq wr vx!flhqw vhsdudwlrq/ wkdw 2 dO n 2 d
K ? dO 1
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zkhuh p  i> jqiqj ghqrwhv wkh ulydo ri q> vjqi{j lv wkh vljq ri { +l1h1/ vjqi{j @ 4
li { A 3/ vjqi{j @ 3 li { @ 3/ vjqi{j @ 4 li { ? 3,> dqg  lv d srvlwlyh sdudphwhu
wkdw phdvxuhv wkh lpsruwdqfh ri vwdwxv1
Li/ dv lq wudglwlrqdo dqdo|vlv/ zdjh zhuh wr eh frpphqvxudwh zlwk rxwsxw +h1j1/
wkh slhfh0udwh frqwudfw zkhuhlq hdfk djhqw lv sdlg d {hg shufhqwdjh ri zkdw kh
surgxfhv, wkhq  zrxog dozd|v rewdlq orzhu vwdwxv wkdq / dqg wkh djhqwv zrxog
zrun vroho| iru wkh gluhfw frqvxpswlrq ri zdjhv1 E| pdnlqj zdjhv vx!flhqwo| kljk/
lw lv hylghqw wkdw wkh sulqflsdo fdq oxuh erwk wr zrun1 Exw kh fdq gr pxfk ehwwhu
 dqg wkh orzhu
e| ghvljqlqj d zdjh ixqfwlrq wkdw frqvlvwv ri d ihz judghv/ srrolqj MK
 lqwr rqh zdjh0judgh +pxfk olnh wkh judgh E lq wkh h{dpsoh ri Vhfwlrq
kdoi ri MK
614,1 Iru wklv kdv wkh hhfw ri fuhdwlqj d jdph ri vwdwxv ehwzhhq wkh djhqwv/ vr wkdw
hdfk qrz vwulyhv qrw mxvw iru zdjhv exw dovr iru wkh vwdwxv frqihuuhg rq klp zkhq
klv zdjh ryhuwdnhv wkdw ri klv ulydo1 Judgh0zdjhv eulqj vwdwxv lqwr sod| dqg xqohdvk
frpshwlwlrq zklfk vwdqgv wr wkh ehqhw ri wkh sulqflsdo1
Wr eh suhflvh/ frqvlghu
d vwdqgdug zdjh ixqfwlrq # = Un $ Un zklfk lv vwulfwo|
U
prqrwrqlf1 Ghqrwh M q #+w,gw  znq iru q 5 i> j dqg n 5 iK> Oj1 Lw lv hdv| wr
n

 >
fkhfn wkdw/ li  vklunv/ klv +h{shfwhg zdjh, sd|r lv zO   > li kh zrunv/ lw lv zK


dqg vr  kdv lqfhqwlyh zK  zO wr vzlwfk iurp vklun wr zrun1 Vlqfh wklv pxvw h{fhhg
  z  g 1 Exw fohduo| wkh sulqflsdo vkrxog dqqrxqfh zdjhv dv
g / zh pxvw kdyh zK

O
orz dv kh fdq ryhu wkh lqwhuydo MO +}hur lghdoo|/ h{fhsw wkdw zh kdyh frqvwudlqhg klp
wr pdnh # vwulfwo| prqrwrqlf,1 Vr/ wdnlqj zO @ %  3/ zh pd| uhzulwh wkh lqfhqwlyh
frqglwlrq iru  dv
  g . %=
+:,
zK

  z  g zklfk/ e| +:, dqg wkh idfw
Vlploduo|/ wkh lqfhqwlyh frqglwlrq iru  lv zK
O

wkdw zO A zK rq dffrxqw ri wkh vwulfw prqrwrqlflw| ri #/ |lhogv
 A g . g . %=
zK

+;,

Iurp +:, dqg +;, zh jhw d orzhu erxqg rq wkh sulqflsdo*v zdjh eloo lq wkh wudglwlrqdo
fdvh
 . z A g . 5g . 5%=
+<,
zK
K
Frqvlghu lqvwhdg d zdjh ixqfwlrq wkdw sduwlwlrqv wkh rxwsxw vsdfh lqwr S+s, dv
lq Iljxuh 5/ dvvljqlqj frqvwdqw zdjhv yf > y > y2 lq olhx ri wkh judghv D/ E/ F zlwk +ri
frxuvh, 3 @ yf ? y ? y2 1 Lq wklv vfhqdulr/  rewdlqv< +h{shfwhg zdjh, sd|r  li
kh vklunv dqg y  s li kh zrunv/ |lhoglqj wkh lqfhqwlyh frqglwlrq
y  g  +4  s, =

+43,

Vlploduo|  rewdlqv sd|rv y dqg +4  s,y . s+y2 .  , iurp vklunlqj dqg zrunlqj/
|lhoglqj wkh lqfhqwlyh frqglwlrq
sy2  g . sy  s =
<

+44,

Dv xvxdo/ zkhq dq djhqw frqwhpsodwhv vzlwfklqj ehwzhhq vklun dqg zrun/ klv ulydo lv dvvxphg wr
eh zrunlqj wkurxjkrxw1
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Wkh zdjh eloo lqfxuuhg e| wkh sulqflsdo lv y . +4  s,y . sy2 @ +5  s,y . sy2 1 Wkh
sulqflsdo pxvw plqlpl}h wklv vxemhfw wr 3  s  4 dqg 3 ? y ? y2 dqg +43, dqg
+44,1 +Qrwlfh wkdw +44, dfwxdoo| uxohv rxw s @ 31,
Lq prvw fdvhv wkh sulqflsdo fdq gr ehwwhu zlwk judgh zdjhv wkdq zlwk vwulfwo|
prqrwrqlf zdjhv1 Iru h{dpsoh/ li  A 5 pd{ig > g j/ wkhq dv zh vdz lq Vhfwlrq 6/ e|
wdnlqj s @ 4@5 dqg zdjhv 3 @ yf ? % @ y ? 5% @ y2 / wkh sulqflsdo fdq vdwlvi| erwk
ri wkh lqfhqwlyh frqvwudlqwv +43, dqg +44, zkloh sd|lqj wkh zrunhuv doprvw qrwklqj1
Hyhq li  lv pxfk vpdoohu/ wkh sulqflsdo fdq h{sorlw vwdwxv wr uhgxfh klv zdjh eloo1
Lqwhuhvwlqjo|/ wkh srvvlelolw| ri frpelqlqj zdjh lqfhqwlyhv zlwk vwdwxv lqfhqwlyhv ohdgv
klp wr fuhdwh vpdoohu holwhv wkdq zh vdz lq Vhfwlrq 6 zlwk vwdwxv dorqh1 Orzhulqj s
lqfuhdvhv wkh vwdwxv lqfhqwlyh iru  wr zrun/ exw dovr orzhuv wkh vwdwxv lqfhqwlyh iru
 wr zrun1 Exw wkh odwwhu fdq eh frpshqvdwhg e| lqfuhdvlqj wkh zdjhv y2 iru wkh
oxfn| kdug zrunhu 1 Rqo| ulvn dyhuvlrq zrxog suhyhqw wkh sulqflsdo iurp fkrrvlqj
s duelwudulo| forvh wr }hur1
Pruh suhflvho|/ vxssrvh wkdw plqig > g j A  A 31 Fkrrvh dq| 3 ? s  41 Ghqh
y yld htxdolw| lq +43,/ l1h1/ y @ g  +4  s, / dqg ghqh y2 yld htxdolw| lq +44,/ l1h1/
y2 @ +g @s, . y   1 Vlqfh  ? g / zh kdyh y A 31 Dovr/ vlqfh g ?  / zh kdyh
+g @s,   A 3 dqg khqfh y2 A y 1 Wkh judgh0zdjh eloo lv
+5  s,y . sy2 @ +5  s,y . g . sy  s
@ 5y . g  s
@ 5+g  +4  s, , . g  s
@ 5g . g  +5  s,
? 5g . g . 5%

surylqj wkh vxshulrulw| ri judgh zdjhv ryhu prqrwrqlf zdjhv/ hyhq lq wklv fdvh1 Lqghhg
wkh sulqflsdo zloo zlvk wr fkrrvh s dv forvh wr }hur dv srvvleoh/ pdnlqj wkh s|udplg
uhdoo| vkdus$ +Uhfdoo wkdw +44, iruelgv vhwwlqj s @ 31, Exw wklv/ dv zh vdlg/ lv dq
duwlidfw ri wkh ulvn0qhxwudolw| dvvxpswlrq1 Li wkh djhqwv zhuh ulvn0dyhuvh wkh rswlpdo
s zrxog vwd| erxqghg dzd| iurp }hur1
Rxu dqdo|vlv h{whqgv wr pdq| glvsdudwh w|shv dqg pxowlsoh djhqwv ri hdfk w|sh lq
d vwudljkwiruzdug pdqqhu= judgh zdjhv/ e| dqg odujh/ duh ehvw iurp wkh sulqflsdo*v
srlqw ri ylhz1
Wkh uhdghu zloo kdyh revhuyhg wkdw zh kdyh prghohg wkh ihholqj ri vwdwxv zlwk d
mxps lq xwlolw|1 Li zh { wkh ulydo*v zdjh dw {p dqg udlvh q*v zdjh {q iurp ehorz
{p / klv ihholqj iru vwdwxv lv uh hfwhg e| d mxps lq xwlolw| iurp  wr  dv {q furvvhv
{p 1 Wklv mxps frxog eh voljkwo| vprrwkhqhg dqg pdgh wr rffxu ryhu d vpdoo lqwhuydo
^{p  > {p . ` zlwkrxw pxfk dhfwlqj rxu dqdo|vlv1 +Rqh frxog wklqn ri  dv d
wkuhvkrog iru wkh ihholqj ri vwdwxv1, Exw zkdw lv hvvhqwldo lv wkh mxps1 D judgxdo
ihholqj ri hqy|/ jlyhq e| vd| +{q  {p , iru  A 3/ lqvwhdg ri  vjqi{q  {p j/ zrxog
eh khosixo lq uhgxflqj wkh zdjhv qhfhvvdu| wr lqgxfh kdug zrun/ exw lw zrxog qrw ohdg
wr judgh zdjhv1 Lqghhg/ lq rxu h{dpsoh/ li zh wrrn q*v xwlolw| wr eh {q .+{q  {p , .
 vjqi{q {p j/ wkh vxshulrulw| ri judgh zdjhv zrxog krog li/ dqg rqo| li/  A 31 +Wkh
  g dqg +4 . ,+z  z,  g iru vwulfwo|
lqfhqwlyh frqglwlrqv zrxog eh +4 . ,zK
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prqrwrqlf zdjhv> dqg +4 . ,y . +4  s,  g dqg +4 . ,s+y2  y , . s  g iru
judgh zdjhv/ vkrzlqj wkdw wkh wzr vfkhphv ehfrph htxlydohqw zkhq  @ 3 hyhq li
 A 31,
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